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PREFACE. 



Haying understood that my " Treatise on Algebra,** 
which was designed primarily for the use of coUegesi 
has been introduced into many academies and high 
schools, and employed in the instruction of classes 
younger than those for whom it was originally pre- 
pared, I have thought that a more elementary work, 
expressly designed for heginnersi might be favorably 
received. The present volume was intended for the 
use of students who have just completed the study of 
Arithmetic ; and it is believed that any person, how- 
ever young, who has acquired a tolerably thorough 
knowledge of the principles of that science, may pro- 
ceed at once to this volume with pleasure and profit. 
I have endeavored to render the transition from Arith- 
^ netic to Algebra both easy and natural. This I have 
^ done by applying the algebraic symbols to problems 
so simple that they might be readily solved by the 
^ principles of Arithmetic alone. Having conducted the 
*^ student through a considerable series of simple prob- 
. lems, I proceed, by easy steps, to develop some of 
as them in a more general form. The student is thus 
Sf led to represent known as well as unknown quantities 



u> 



i 
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by letters of the alphabet, and perceives the necessity 
of establishing rules for performing the various opera* 
tions of addition, subtraction, multiplication, and di- 
vision upon quantities thus represented. It is believed 
that the beginner will study these abstract principles 
with more satisfaction, than if he had been allowed 
no previous exercise on problems which indicate their 
importance. 

I have omitted from this volume all such topics as 
it was supposed would occasion any serious embar- 
rassment to &e young learner, and which were not 
essential to the dear comprehension of the topics act- 
ually introduced. It is hoped that the book will be 
found sufficiently clear and simple to be adapted to 
the wants of a large class of students in our common 
schools. 

The study of Algebra may properly be commenced 
at an early stage of education. As soon as the mind 
has acquired some degree of maturity, and has be- 
come familiar with the principles of common Arithme- 
tic, it is prepared to understand the elementary prin- 
ciples of Algebra. This study is admirably adapted 
to strengthen the reasoning faculties, to lead the mind 
to rely upon its own resources, and to cultivate those 
habits of independent thinking which are alike im- 
portant to the scholar and to the man of business 
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SECTION I. 

PRELIMINARY DEFINITIONS AND FIRST PRINCIPLES. 

(Article 1.) Arithmetic is the art or science of num- 
bering. It treats of the nature and properties of num. 
bers, "but it is limited to certain methods of calculation 
which occur in common practice. 

(2.) Algebra is a branch of mathematics which en- 
ables us to abridge and generalize the reasoning em- 
ployed in the solution of all questions relating to num- 
bers. It has been called by Newton Universal Arith- 
metic. 

(3.) One advantage which Algebra has over Arith- 
metic arises from the introduction of symbols, by which 
the operations to be performed are readily indicated to 
the eye. 

(4.) The following are some of the more common 
symbols employed in- Algebra. 

The sign + (an erect cross) is named plus^ and is 
employed to denote the addition of two or more num- 
bers. Thus, 5+3 signifies that we must add 3 to the 
number 5, in which case the result is 8. In the same 
manner, 5+7 is equal to 12 ; 11+8 is equal to 19, etc. 

QvsBTiOKS.— What is Arithmetic? What is Algebra? What advaDt 
i^ hat Algebra over Arithmetic T What does the sign plas denote T 



14 ELEMENTS OF ALGEBRA. 

We also make use of the same sign to comieot sev- 
eral num1)ers tpgether. Thus 7+5+3 signifies that 
to the number 7 we must add 5 and also 3, which 
make 15. 

So, also, the sum of 6+5+11+9+2+8 is equal to 
41. 

(5.) The sign — (a horizontal line) is called minuSj 
and indicates that one quantity is to be subtracted from 
another. Thus, 7—4 signifies that the number 4 is to 
be taken from the number 7, which leaves a remain- 
der of 3. In like manner, 11— 6 is equal to 5, and 
16— 10 is equal to 6, etc. 

Sometimes we may have several numbers to sub- 
tract from a single one. Thus, 16—5—4 signifies theft 
5 is to be subtracted from 16, and this remainder is to 
be further diminished by 4, leaving 7 for the result. 
In the same manner, 30— 8— i3— 2— 5 is equal to 9. 

(6.) The sign X (an inclined cross) is employed to 
denote the multiplication of two or more numbers. 
Thus, 5x3 signifies that 5 is to be multiplied by 3, 
making 15. 

(7.) The character + (a horizontal line with a point 
above and another below it) shows that the quantity 
which precedes it is to be divided by that which fol- 
lows. 

Thus, 24+6 signifies that 24 is to be divided by 6, 
making four. 

Q-enerally, however, the division of two numbers is 
indicated by writing the dividend above the divisor 
and drawing a line between them. 

Qui8T.-~What does thejrign miiiiis indicate? What if the sign of 
nmltiplicatioii t How mqr diTinon be denoted t 
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24 
Thus, instead of 24-r 6, we usually write -^. 

(8.) The sign = (two horizontal lines), when placed 
between two quantities, denotes that they are equal to 
each other. 

Thus, 7+6=13 signifies that the sum of 7 and 6 is 
equal to 13. So, also, $1=100 cents, is read one dol- 
lar equals one hundred cents ; 3 shillings=36 pence, 
is read three shillings axe equal to ihirty-six pence. . 

(9.) The following examples will afford an exercise 

upon the preceding symbols. 

12 
Example 1. 5x8+12-4=6x9~5— 2. 

o 

This may be read as follows : The product of 5 by 
6| increased by 12 and diminished by 4, is equal to 6 
times 9, diminished by one tbird of 12, and again di- 
minished by 2. 

To find the value of each side of this equation, we 
multiply 5 by 8, which gives 40 ; adding 12 to this 
product, we obtain 52, and, subtracting 4, we have 48. 
Again, the product of 6 by 9 is 54, which, diminished 
by one third of 12, leaves 50, and, subtracting 2 from 
this result, we have 48, as before. 

Verify the following examples in the same manner : 

20 
Ex. 2. 7x9-5+14=8x6+20+-7r- 

Ex. 3. 12+^-3=42-17-9. 

4 

Bx. 4. 3+25-7=^-6+19. ' 

6 

QoifT.— What if the lign of •qtuUtjf 
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(10.) When a problem is proposed for solution, it is 
generally required to find one or more quantities which 
are unknown. It is convenient to have signs to rep- 
resent these unknown quantities^ so that all the opera- 
tions which are required to be performed may be pre- 
sented at once in a single view. 

The signs generally employed to represent these un- 
known quantities are some of the last letters of the 
alphabet ; as, a;, y^ z, etc. 

These principles will be best understood affcer at- 
tending to a few practical examples. 

Problem 1. A boy bought an apple and an orange 
for 6 cents ; for the orange he gave twice as much as 
for the apple. How much did he ^ve for each ? 

Let X represent the number of cents he gave for the 
apple, then 2x will represent the number of cents he 
gave for the orange. Now these, added together, must 
make the sum given for both, which was 6 cents; that is, 

x+2x=^6. 

But twice a;, added to once re, makes three times x ; 
that is, 3a;=6 ; 

and if three times x is equal to 6, once x must be 
equal to 2 ; that is, 

a;=g=2. 

Therefore the apple cost 2 cents, and the orange 4 
cents, the sum of which is 6 cents, according to the 
conditions of the problem. 

Prob. 2. A man having a horse and cow, was asked 
what was the value of each. He answered that the 
horse was worth three times as much as the cow, and 

Quest.— How are unknown qnantitief represented f 
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together they were worth 60 dollars. What was the 
Yidue of each ? 

Let X represent the number of dollars equal to the 
value of the cow, then 3x will represent the value of 
the horse. These, added together, must make 60, ao- 
oording to the conditions of the problem ; that is, 

a;+3a;=60. 

But thrae times x, added to once a;, makes four 
times x; that is, 

4a;=60; 
and if four times x is equal to 60, once x must be 
equal to 15 ; that is, 

rc=-r=15. 
4 - 

Therefore the cow was worth 15 dollars, and the 
horse, being worth three times as much as the cow, 
amoimted to 45 dollars. The sum of 15 and 45 is 60, 
according to the conditions of the problem. 

Prob. 3. Said Charles to Thomas, my purse and 
money together are worth 10 dollars, but the money 
is worth four times as much as the purse. How much 
money was there in the purse, and what was the value 
of the purse ? 

Let X represent the value of the purse. 

Then 4x will represent the value of the money it 
oontained. Then, by the problem, we must have 

rc+4a;=10, 
or, 5a;=10 

Hence, a;=-=-=2. 

Therefore the purse was worth 2 dollars, and the 
money 8 dollars, the sura of which is 10 dollars. 
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Proh. 4. Two men, A and B, trade in company. B 
puts in five times as much money as A. They gain 
660 dollars. What is each man's share of the gain % 

Let X represent A's share. ^ 

Then bx will represent B's share. 

Hence, x+5a;=660, 
or, 6a;=660. 

Hence, ^~1r"' ^^ 

Therefore A's share is 110 dollars, and B's share is 
550 dollars, the sum of which is 660 dollars. 

Proh, 5. A gentleman, meeting two poor persons* 
divided 21 shillings hetween them, giving to the see- 
ond six times as jnuch as to the first. How much did 
he give to each ? 

Let 0;= the shillings he gave to the first. 

Then 6a;= the shillings he gave to the second. 

Therefore, a;+6a;=21, 
or, 7a;=21^ 

^ .4 » a. 

Therefore he gave 3 shillings to the first and 48 
shillings to the second, the sum of which is 21 shil- 
lings. 

Pfob. 6. A gentleman bequeathed 144 pounds to two 
servants upon condition that one should receive seven 
times as much as the other. How much did each re* 
oeive? 

Let rt;= the smallest share. 

Then 7x= the share of the other. 

Therefore, a;+7a;=144, 

or, 8^=144. 



P&OBLBMS. 19 

144 

Henoey a;=-^, or 18. 

Therefore one received 18 pounds, and the other 
126, the sum of which is 144 pounds. 

Prob. 7. A draper bought two pieces of cloth, which 
together measured 171 yards. The second piece con- 
tained eight times as many yards as the first. What 
was the length of each ? 

Let rc= the number of yards in the first piece. 

Then 8x= the number of yards in the second piece. 

Therefore, a;+ai;=171, 
oar, 9ar=171. 

171 
Hence, ^""o"' ^' ^^* 

Therefore the length of the first piece was 19 yards, 
and that of the second was 152 yards, the sum of which 
is 171 yards. 

Proh. 8. A man being asked the price of his horse, 
answered that his horse and saddle together were 
worth 90 dollars, but the horse was worth nine times 
as much as the saddle. What was each worth ? 

Let a;= the price of the saddle. 

Then 9x= the price of the horse. 

Therefore, a;+9a;=90, 
or, 10x=90. 

90 
Hence, . ®"10' ^' 

Therefore the saddle was worth 9 dollars, and the 
borse was worth 81 dollars, the sum of which is 90 
dollars 

Pfoh. 9. A cask which held 143 gallons was filled 
a mixture of brandy and water, and there was 
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* 

ten times as mucli brandy as water. How muoh waji 
there of each ? 

Let x= the gallons of water. 

Then 102;= the gallons of brandy. 

Therefore, a;+10a;=143, 
or, • lla;=143. 

Henoe, ^^TT' ^^ ^^' 

Therefore there were 13 gallons of water and 130 
gallons of brandy, the sum of which is 143 gallons. 

(11.) The pupil will observe that when a problem 
is proposed for solution, the first thing to be done is to 
find an expression which shall contain the unknown 
quantity, and which shall be equal to a given quanti- 
ty. Then, from this expression, by arithmetical opera- 
tions, we deduce the value of the unknown quantity>. 

This expression of equality between two quantities 
is called an equation. Thus, a;+ 10a;= 143; is an equa- 
tion. 

The quantity or quantities on the left side of the 
sign of equality are called the first member of the 
equation ; those on the right, the second member of 
the equation. 

Thus, aj+lOx is the first member of the above equa- 
tion, and 143 is the second member. 

(12.) Quantities connected by the signs + and — 
are called terms. Thus, x and 10a; are terms in the 
above equation. 

A number written before a letter, showing how many 



Quest.— What is the course pursued in solving a problem 7 What 
is an equation ? What are the members of an equation 7 What are 
tem- - 
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times the letter is to be taken, is called the coefficient 
of that letter. Thus, in the quantity lOo;, 10, is the 
coefficient of x. 

(13.) The solution of a problem, by Algebra, con- 
sists of two distinct parts : 

1. To express the conditions of the problem alge- 
braically ; that is, to form the equation. 

2. To find the value of the unknown quantity aftei 
the equation is formed ; that is, to reduce the equation. 

(14.) It is impossible to give a general rule which 
will enable us to translate every problem into alge- 
braic language. This must be learned by practice 
But rules may be given for reducing the equation aftei 
it is formed. 

After the preceding problems were reduced to equa. 
tions, the first step was to reduce all the terms con- 
taining the unknown quantity to a single term, which 
was done by adding the coefficients. The second step 
was to divide each meinber of the equation by the co^ 
efficient of the unknown quantity. 

In a similar manner may the following equations 
be solved. 

Prob. 10. A gentleman, having 36 shillings to divide 
between a man and a boy, wishes to give to the man 
twice as much as to the boy. How much must he 
give to each. 

Ans. 12 shillings to the boy, 
and 24 shillings to the man. 

(15.) All examples of this kind admit of proof. The 
leanlts are proved to be correct when they fulfill aU 

QoKST.— What is a coefficient f How if an algebraic problem adtw* 
ed T How it an equation redocedt 
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the conditions of the problem. In the preceding prol) 
lem there are two conditions ; first, that the boy and 
man together receive 36 shillings; second, that fbs 
man receives twice as much as the boy. The nmn- 
bers 12 and 24 fulfill both, of these conditions. All 
the results in the following problems should be veri- 
fidd in a similar manner. 

Prob. 11. A man having a horse and cow, was ask- 
ed what was the value of each. He answered that the 
horse was worth three times as much as the cow, and 
together they were worth 72 dollars. What was the 
value of each? Ans. The cow was worth 18 dollars, 

and the horse 54 dollars. 

Prob, 12. Said Thomas to Charles, my purse and 
money together are worth 15 dollars, but the money 
is worth four times as much as the purse. How mudli 
money was there in the purse, and what was the valuo 
of the purse ? 

Ans. The purse was worth 3 dollars, 
and the money was worth 12 dollars. 

Prob. 13. Two men, A and B, trade in company ; 
but B puts in five times as much money as A. They 
gain 900 dollars. What is each man's share of the 
gain ? Ans. A's share is 150 dollars, 

and B's share is 750 dollars. 

Prob. 14. A gentleman, meeting two poor persons, 
divided 28 shillings between them, giving to the sec- 
ond six times as much as to the first. How much did 
he give to each ? 

Ans, He gave 4 shillings to the first, 
and 24 shillings to the second. 

QuiST.-— How may the answen obtained be verified T 
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Prob. 15. A gentleman bequeathed 200 dollars to 
two servants upon oondition that one should reoeive 
seven times as much as the other. How muoh did 
each reoeive ? Ans. One received 25 dollars, 

and the other 175 dollars. 
Prob. 16. A draper bought two pieces of cloth, 
which together measured 144 yards. The second 
piece contained eight times as many yards as the first. 
What was the length of each ? 

Ans. The first piece contained 16 yards, 
and the second 128 yards. 

Prob. 17. A man being asked the price of his horse, 
answered that his horse and saddle together were 
worth 120 dollars, but the horse was worth nine times 
as much as the saddle. What was each worth ? 

Ans. iThe saddle wad worth 12 dollars, 
and the horse 108 dollars. 

Prob. 18. A cask which held 132 gallons was filled 
with a mixture of brandy and water, and there was 
ten times as much brandy as water. How much was 
there of each ? 

Ans. There were 12 gallons of water, 
and 120 gallons of brandy. 

The following problems are similar to the preceding, 
except that an additional term is introduced. 

Prob. 19. A gentleman, meeting three poor persons, 
divided 72 cents among them ; to the second he gave 
twice, and to the third three times as muoh as to the 
first. What did he give to each ? 
Let x= the sum given to the first. 
Then 2a;= the sum given to the second, 
and 3x= the sum given to the third. 
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Then, by the conditions of the problem, 

a;+2a;+3a;=72. 
That is, 6a;=72, 

or, z=12j the sum given to the first. 

Therefore he gave 24 cents to the second, and 36 
cents to the third. 

The learner should verify this, and all the subse- 
quent results. 

Prob. 20. Three men, A, B, and C, found a purse 
of money containing 119 dollars, but not agreeing 
about the division of it, each took as much as he could 
get. A got a certain sum, B got twice as much as A, 
and C four times as much as A. How many dollars 
did each get ? 

Let x= the number of dollars A got. 

Then 2x= the number of dollars B got, 
and 4rc= the number C got. 

These, added together, must make 119 dollars, the 
whole sum to be divided. Hence, 

a;+2a;+4a;=119. 
Uniting all the re's, 

7a;=119. 
Hence, a;=17=A's share; 

2a;=34=B's share ; 
4a:=68=C's share. 
Prob. 21. Three men. A, B, and C, trade in com- 
pany. A puts in a certain sum, B puts in three times 
as much as A, and C puts in five times as much as A. 
They gain 657 dollars. ISThat is eadi man's &hare of 
the gain ? 
Let x= A's share. 
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Then 3x= B's sharoi 
and 5z= C's share. 

Hence, a;+3a;+5a;=657, 

or, 9a;=657. 

Ebnoe, x= 73 dollars ;= A's share ; 

3a;=219 dollars = B's share ; 
5a;=365 dollars = C's share. 

Prob. 22. A gentleman left 15,000 dollars to be di- 
vided between his widow, Ins son, and daughter. Ho 
directed that his son should receive three times as 
much as his daughter, and his widow six times as 
much as his daughter. Required the share of each. 

Let X, represent the share of Ins daughter. 

Then 3a; will represent the share of his son, 
and 6x wiU represent the share of his widow. 

Hence, a;+ac+6a;=15,000, 

or, 10x=15,000. 

Hence, 2;=1500 dollars = the daughter's share ; 

3x=4d00 dollars = the son's share ; 
and 6a;=9000 dollars = the widow's share. 

Prob. 23. A farmer bought some oxen, some cows, 
and some sheep. The number of them all together 
was 48. There were three times as many cows as 
oxen, and four times as many sheep* as oxen. How 
many were there of each sort ? 

Let X denote the number of oxen. 
Then 3a; will denote the number of cows, 
and 4x will denote the number of sheep. 

Hence, a;+3a;+4a;=48, 

or, ai;=48. 

B 
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Hence, x= 6, the number of oxen ; 

3a;=18, the number of cows ; 

anfl 4a;=24, the number of sheep. 

Prob. 24. A boy bought some oranges, some lent, 
ons, and some pears. The number of them all trigeth- 
er was 132. There were four times as many lemons 
as oranges, and six times as many pears as oranges. 
How many were there of each ? 

Let x= the number of oranges. 

Then 4a;= the number of lemons, 
and 6x= the number of pears. 

Hence, a;+4a;+6rc=132, 

or, lla;=132. 

Hence, a;=12, the number of oranges ; 

4rc=48, the number of lemons ; 
and 6a;=72, the number of pears. 

Prob, 25. Three persons are to share 364 dollars in 
the following manner. The second is to have five 
times as much as the first, and the third seven times 
as much as the first. What is the share of each ^ 

Let a;= the share of the first. 

Then 5rc= the share of the second, 
and 7x= the share of the third. 

Therefore, a;+5a;+7aj=364, 

or, 13a;=364. 

Hence, z= 28, the share of the first ; 

5a;=140, the share of the second ; 
7a;=196, the share of the third. 

Prob. 26. A draper bought three pieces of cloth) 
which together measured 90 yards. The second piece 
was six times as long as the first, and the third was 



V* 
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eight times as long as the first. What was the length 
oi each ? 

Let a;= the length of the first piece. 

Then 6x= the length of the second piece, 
and 8a;= thelength of the third piece. 
Therefore, a;+6a;+8a;=90, 

or, 15a;=90. 

Hence, z= 6 yards, the length of the first piece ; 

6aj=36 yards, the length of the second piece ; 
and 8a;=48 yards, the length of the third piece. 

Prob. 27. A cask, which held 135 gallons, was fiUed 
with a mixture of brandy, wine, and water. It con- 
tained five times as much wine as water, and nine 
times as much brandy as water. What quantity was 
there of each ? 

Let x= the number of gallons of water. 

Then 5x= the number of gallons of wine, 
and 9z= the number of gallons of brandy. 
Therefore, x+5x+9x=135j 

or, 15rc=135. 

HenOe, x= 9, the gallons of water ; ' 

6a;=45, the wine ; 
and 9a;=81, the brandy. 

Prob. 28. A gentleman, meeting three poor persons, 
divided 90 cents among them ; to the second he gave 
twice, and to the third three times as much as to the 
first. What did he give to each ? 
♦ Ans. He gave 15. cents to the first, 

30 cents to the second, 
45 cents to the third. 

Prob. 29. Three men. A, B, and C, found a purse 
of money containing 175 dollars, but not agreeing 
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about the division of it, eadx took as much as he oould 
get. A got a certain sum, B got twice as much as A, 
and C four times as much as A. How many dollars 
did each get ? Ans. A got 25 dollars, 

B got 50 dollarsi 
C got 100 dollars. 
Prob. 30. Three men, A, B, and C, trade in com- 
pany. A puts in a certain sum, B puts in three times 
as much as A, and C puts in five times as much as A 
They gain 765 dollars. What is each man's share of 
the gain ? 

Ans, A's share is 85 dollars ; 
B's' share is 255 dollars; 
C's share is 425 dollars. 
Prob. 31. A gentleman left 24,000 dollars to be di- 
vided between his widow, his son, and his daughter. 
He directed that his son should receive three times as 
much as his daughter, and his widow six times as 
much as his daughter. Required the share of each 
Ans. The daughter's share was 2,400 dollars ; 
the son's share was 7,200 dollars ; 

the widow's share was 14,400 dollars. 
Prob. 32. A farmer bought some oxen, some oow8| 
and some sheep. The number of them all together 
was 64. There were three times as many cows as 
Dxen, and four times as many sheep as oxen. How 
many were there of each sort ? 

Ans. There were 8 oxen, • 

24 cows, 
32 sheep. 
Prob. 33. A boy bought some oranges, some lem* 
onSf and sortie pears. The number of them all togetii* 
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er was 165. There were four times as many lemons 
as oranges, and six times as many pears as oranges. 
How many were there of each ? 

Ans. There were 15 oranges, 

60 lemons, 
90 pears. 
Prob. 34. Three persons are to share 598 dollars iti 
the following manner. The second is to have five 
times as much as the first, and the third seven times 
as much as the first. What is the share of each ? 
Ans. The share of the first is 46 dollars ; 

the second is 230 dollars ; 
the third is 322 dollars. 
Prob. 35. A draper bought three pieces of cloth, 
which together measured 105 yards. The second 
piece was six times as long as the first, and the third 
was eight times as long as the first. What was the 
length of each ? 

Ans. There weie 7 yards of the first piece, 

42 yards of the second piece, 
56 yards of the third piece. 
Prob. 36. A cask which held 120 gallons was filled 
with a mixture of brandy, wine, and water. It con- 
tained five times as much wine as water, and nine 
times as much brandy as water. What quantity was 
there of each ? 

Ans. There were 8 gallons of water, 

40 gallons of wine, 
72 gallons of brandy. 
The following problems are similar to the preceding, 
except that a new term has been introduced. It is 
recommended to the pupil that he should endeavor to 
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solve these problems unaided, before reading the eola- 
tions here given ; and after he has succeeded, let him 
compare his solution with that of the book. 

Prob. 37. The number of days that four workmen 
were employed were severally as the numbers 1, 2, 3j 
4 ; and the number of days' work performed by them 
all was 170. How many days was each workman 
employed ? 

Let X represent the number of days the first was 
employed. 

Then 2x will represent the days the second was em- 
ployed, 

3a; the third, 

and 4n: the fourth. 

Then, by the conditions of the problem, 

a;+2a;+3a;+4a;=170; 
that is, 10a;=170, 

or, a;=17 days the first was employed ; 

2a; =34, the second; 
3a;=51, the third ; 
4a;=68, the fourth. 

The sum of all the numbers is 170. 

Prob, 38. The estate of a bankrupt, valued at 14,400 
dollars, is to be divided among four creditors according 
to their respective claims. The debts due to B are 
double those due to A ; those due to C are four times 
those due to A ; and those due to D are five times those 
due to A. What sum must each receive ? 

Let a;= the sum A receives ; 

then 2a; = the sum B receives ; 

4a;= the sum C receives ; 
5x= the sum D receives. 
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Therefore, a;+2a;+4aj+5a;= 14,400 ; 
that is, 12a;= 14,400, 

or, a;= 1200, 

from which the shares of the other three are easily ob- 
tained. 

Prob, 39. A draper has four pieces of cloth whoso 
united value is 224 dollars. The value of the second 
piece is double that of the first; the value of the third 
is five times that of the first; and the value of the 
fourth is six times that of the first. What is the value 
of each? 

Let X represent the value of the first ; 
then 2x will represent the value of the second, 

5x the third, 

6x the fourth. 

Hence, a;+2a;+5a;+6a;=224, 

that is, 14a;=224, 

or, a;= 16, the value of the first piecci 

from which the value of the other pieces is readily ob- 
tained. 

Prob, 40. A grocer has four casks, which together 
will contain 144 gallons. The capacity of the second 
is twice that of the first ; the capacity of the third is 
six times that of the first ; and the capacity of the 
fourth is seven times that of the first. What is the 
capacity of each ? 

Let a>= the capacity of the first cask ; 
then 2x^ the capacity of the second, 

6x the third, 

and Ix the fourth. 
Therefore, a;+2a;+6a;-{-7a;=144; 

that is, 16a;=144, 
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or, «= 9, 

2x=j etc. 
Prob. 41. Four persons purchased a farm in com- 
pany for 4680 dollars, of whioh B paid three times as 
much as A, C paid four times as much as A, and D 
paid five times as much as A. What did each pay ? 
Let x= the sum A paid ; - 

32;= the sum B paid ; 
4x= the sum C paid ; 
5x= the sum D paid. 
Therefore, x+ac+4a;+5x=4680 ; 
that is, 13a;=4680, 

or, x= 360, 

2x=, etc. 
Prob. 42. Four persons, A, B, C, and D, drew prizes 
in a lottery to the amount of 2250 dollars. B drew 
three times as much as A, C drew five times as much 
as A, and D drew six times as much as A. What 
did each person draw ? 

Let x=F the sum A drew ; 

then 3x= the sum B drew ; 

5x=- the sum C drew ; 
6x= the sum D drew. 
Therefore, a;+3a;+5a;+6a;=2250 ; 
that is, 15a;=2250, 

or, a;= 150, 

3x=j etc. 
Prob. 43. An estate of 5440 dollars is to he divided 
between four heirs, A, B, C, and D. B is to receive 
three times as much as A, C is to receive six times as 
much as A, and D is to receive seven times as xnuch 
as A. How much did each receive ? 



Let x= A's share ; 

3x= B's share ; 
6x= C's share ; 
7x= D's share. 
Therefore, a;+3x+6a;+7a;=5440; 
that is, ~ 17a;=5440, 

or, a;= 320, 

3a; =, etc. 
ProJ. 44. A farmer has 144 fruit-trees in his or- 
chard, consisting of plum, cherry, peach, and apple- 
trees. The number of cherry-trees is four times the 
number of plum-trees ; the number of peach-trees is 
five times the number of plum-trees ; and the number 
of apple-trees is six times the number of plum-trees. 
What is the number of each sort ? 

Let x= the number of plum-trees ; 
4a:= the number of cherry-trees ; 
5x= the peach-trees ; 
6x= the apple-trees. 
Therefore, x+4x+5x+6x=l^ ; 

that iS| 16a;=144, 

or, x= 9, 

4a?=, etc. 
Prob. 45. Four gentlemen entered into a specula- 
tion, for which they subscribed 5850 dollars, of which 
B paid four times as much as A, C paid six times as 
much as A, and D paid seven times as much as A 
What did each pay ? 

Let x= the sum A paid ; 

4x= the sum B paid ; 
6x= the sum C paid ; 
7x= the sum D paid. ' 
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Therefore, a;+4x+6a;+7a;=5850 ; 
that is, 18a;=5850, 

or, x= 325, 

4a;=, etc. 
Prob, 46. The number of days that four workmen 
were employed were severally as the numbers 1, 2, 3, 
and 4, and the number of days' work performed by 
them all was 250. How many days was each work- 
man employed ? 

Ans. The first was employed 25 days, 
the second 50, 

the third 75, 

the fourth 100. 

Prob. 47. The estatfe of a bankrupt, valued at 33,600 
dollars, is to be divided among four creditors according 
to their respective claims. The debts due to B are 
double those due to A ; those due to C are four times 
those due to A; and those due to D are five times 
those due to A. What sum must each receive ? 

Ans. A receives 2,800 dollars ; 
B receives 5,600 dollars ; 
C receives 11,200 dollars ; 
D receives 14,000 dollars. 
Prob. 48. A draper has four pieces of cloth, whose 
united value is 168 dollars. The value of the second 
piece is double that of the first ; the value of the third 
is five times that of the first ; and the value of the fourth 
is six times that of the first. What is the value of each ? 
Ans. The value of the first is 12 dollars ; 

the second is 24 dollars ; 
the third is 60 dollars ; 
the fourth is 78 dollars. 
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Prob. 49. A grocer has four casks, which together 
ATiil contain 256 gallons. The capacity of the second 
is twice that of the first ;' the capacity of the third is 
six times that of the first ; and the capacity of the 
fourth is seven times that of the first. What is the 
capacity of each ? 

Ans. The capacity of the first is 16 gallons ; 

the second is 32 gallons ; 
the third is 96 gallons ; 
the fourth is 112 gallons. 
Prob, 50. Four persons purchased a farm in com- 
pany for 8840 dollars, of which B paid three times as 
much as A, C paid four times as much as A, and D 
paid five times as much as A. What did each pay ? 

Ans. A paid 680 dollars ; 
B paid 2040 dollars ; 
C paid 2720 dollars , 
D paid 3400 dollars. 
Prob. 51. Four persons, A, B, C, and D, drew prizes 
in a lottery to the amount of 4875 dollars. B drew 
three times as much as A, C drew five times as much 
as A, and D drew six times as much as A. What 
did each person draw ? 

Ans. A drew 325 dollars ; 
B drew 975 dollars ; 
C drew 1625 dollars ; 
D drew 1950 dollars. 
Prob. 52. An estate of 9775 dollars is to he divided 
between four heirs, A, B, C, and D. B is to receive 
three times as much as A, C is to receive six times 
as much as A, and D is -to receive seven times as 
much as A How much did each receive ? 
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Ans. A received 575 dpllajs ; 
B received 1725 dollars ; 
received 8450 dollars ; 
D received 4025 dollars. 
Prob. 53. A farmer has 192 fruit-trees in his or- 
chard, consisting of plum-trees, cherry-trees, peach. 
trees, and apple-trees. The number of cherry-trees is 
four times the number of plum-trees ; the number of 
peach-trees is five times the number of plum-trees ; 
and the number of apple-trees is six times the number 
of plum-trees What is the number of each sort ? 

Ans. There are 12 plum-trees, 

48 cherry-trees, 
60 peach-trees, 
72 apple-trees. 
Prob. 54. Four gentlemen entered into a specula* 
tion, for which they subscribed 9720 doUars, of which 
B paid four times as much as A, C paid six times as 
much as A, and D paid seven times as much as A. 
What did each pay ? * 

Ans, A paid 540 dollars ; 
B paid 2160 dollars ; 
C paid 3240 dollars ; 
D paid 3780 dollars. 
(16.) The pupil can not fail to have remarked a 
striking similarity between many of the preceding 
problems. Thus, the first problem requires us to di- 
vide the number 6 into two parts, one of which is 
double the other. Problem 10th requires us to divide 
the nimiber 36 into two parts, one of which is double 
the other. It is evident that an infinite number of 

Quest.— Ib what does F^blem 1 differ from Pi*oblem 10? 
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Bimilar probl6ms might be proposed, differing £rom each 
other only in the nmnber to be divided. We may dis- 
eoYor a general method of solving all these problems 
by representing the number to be divided by a letter, 
as a. We shall then have 





x+2x=af 


or, 


Sx=a. 


Hence, 


a 



Thus, m Problem 1, x= one third of 6, which is 2 ; 
and in Prob. 10, x equals one third of 36, which is 12. 

Again, Prob. 2 requires us to divide the number 60 
into two parts, one of which is three times the other 
Prob. 11 only differs from Prob. 2 in the number pro- 
posed to be divided. We can discover a general meth- 
od of solving aU problems of this kind by representing 
tne number to be divided by a letter, as a. We shall 
then have 

x+3x=aj 
or, 4:X=a. 

Hence, » a;=7. 

4 

Thus, in Prob. 2, x is one fourth of 60, or 15 ; and 
in Prob. 11, x is one fourth of 72, or 18. 

Again, Prob. 3 requires us to divide the number 10 
into two parts, one of which is foiir times as great as 
the other. Prob. 12 requires us to divide the number 
15 in a similar manner. We can solve all problems 

Ovist. — ^In what does Problem 2 differ from Problem 11 f In wbaS 
does Problem 3 differ from Problem 12 T 
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of this kind in a general manner by representing liie 
proposed number by a. We shall then have 

or, 6a; = a. 

a 
Henoe, ^=^- 

A similar method is applicable to problems 4 and 
13, 5 and 14, etc. 

There is also an analogy between Problems 1, 2, 3, 
etc. Prob. 1 requires us to diride a number into two 
parts, one of which is double the other. Prob. 2 re- 
quires us to divide a number into two parts, one of 
which is three times the other. Prob. 3 requires ns 
to divide a number into two parts, one of which is four 
times the other, etc. All such problems are included 
in the following more general problem : 

Prob, 55. It is required to divide a number a into 
two parts, one of which shall be m times as great as 
the other. 

This problem may be solved in the following man- 
ner : 

Let X represent one of the parts. 

Then m times re, which we wiU write mx, may rep. 
resent the other part. 

And, by the conditions, 

x+mx=a. 

We now meet with a difficulty in finding the value 
of re, because the two terms x and mx can not be unit- 
ed in a single term, as was done in Art. 10. But, since 
z+mx is equal to x repeated 1 +m times, we infer that 

X must be equal to , 
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and this is a general solution of the first eighteen of 
the preceding problems. 

(17.) It will be readily seen that Problems 19 and 
28 differ only in the number proposed to be divided ; 
and if we represent the proposed number by a, we 
shall have a general solution of this class of problems. 
A similar remark is applicable to Problems 20 and 29., 
Problems 21 and 30, etc. 

There is also an analogy between Problems 19, 20, 
21, etc. In each of them it is required to divide a 
proposed number into three parts, such that the sec- 
ond and third shall be multiples of the first. AU 
Uiese problems are included in the foUowmg general 
problem. 

Prob. 56. It is required to divide a number a into 
three parts, the isecond of which shall be m times as 
great as the first, and the third n times as great as the 
first. 

This problem may be solved in the following manner : 

Let X represent the first part. 

Then mx will represent the second part, 
and nx will represent the third part. 

And, by the conditions of the problem. 

We now encounter the same difficulty as in Prob. 
55, because the terms rr, mx^ and nx can not be united 
in a single term. Since, however, x+waj+wa; is equal 
to X repeated 1+m+w times, we infer that, 

a 
X must be equal to :p- ; — , 

i + TW+W 
Qox8T.o-In whnt does Problem 19 resemble Problem 28 T 
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and this is a general solution of all the preceding. pro1». 
lems from 19 to 36. 

(18.) We shall find in a similar manner that Prob- 
lems 37, 38, 39, etc., are all included in the following 
general problem. 

Prob. 57. It is required to divide a number a into 
four parts, the second of which shall be m times as 
great as the first, the third shall be n times as great 
as the first, and the fourth p times as great as the first. 

This problem may be solved in the following man- 
ner : 

Let X represent the first part. 

Then mx will represent the second part, • 

nx will represent the third part, 
and px will represent the fourth part. 

And, by the conditions of the problem, 

x+mx+nx-^-px^a. 

And, reasoning in the same manner as in Prob. 56, 
we conclude that 

x must be equal to 3-7 — ; — \ — , 

and this is a general solution of all the preceding prob- 
lems from 37 to 54. 

(19.) Problems 1 to 54 are called numerical prob- 
lems, and are such problems as occur in common arith- 
metic. Problems 55 to 57 are general problems, and 
pure Algebra is chiefly confined to problems of this 
kind, where letters are employed to represent quanti- 
ties which are supposed to be known, as well as those 
which are unknown. It becomes necessary, therefore, 

Quest. — What are nnmerical problems? What are general prob^ 
lemsT 
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t> explain the mefhod of performing the operations of 
addition^ subtraction, multiplication, division, etc., 
upon quantities represented by letters. These meth- 
ods are essentially the same as practiced in arithmetic, 
but there is some apparent difference arising from the 
difficulty we experience in algebra in uniting many 
terms into one single 'term, as we do in arithmetic. 

Some peculiarities of notation are adopted when 
numbers are represented by letters. 

(20.) The first letters of the alphabet are conmionly 
used to represent known quantities, and the last let- 
ters those which are unknown. 

(21.) Quantities preceded by the sign + are called 
positive quantities ; those preceded by the sign — , neg^ 
ative quantities. When no sign is prefixed to a quanti- 
ty, + is to be understood. Thus, a+b—Cj is the same 
as +a+6— c. 

(22.) When numbers are represented by letters, 
multiplication is usually indicated by writing the let- 
ters in succession without the interposition of any sign. 
Sometimes it is indicated by placing a point between 
the successive letters. Thus, abed is equivalent to 
aXbXcXdj or a.bx.d. 

Thus, if we suppose a=2, ft=3, c=4, and rf=5, we 
have aJcrf=2x 3x4x5=120. 

(23.) When two or more quantities are multiplied 
together, each of them is called a faetor. Thus, in 
the expression 7x5, 7 is a factor, and so is 5. In the 
product abc there are three factors a, &, and c. 

QcxsT.^How are known quantities represented ? What are posi 
thre quantities f What are' negative quantitiefl f How may multipli 
eation be denoted f What it a fiKstor t 
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When a quantity is represented- by a letter, it is 
called a literal factor, to distinguish it from a numer- 
ical factor, which is represented by an Arabic numeral. 
Thus, in the expression 8a&, 8 is a numerical factor, 
while a and b are literal factors. 

(24.) The symbol > is called the sign of inequality^ 
and when placed between two quantities, denotes that 
one of them is greater than the other, the opening of 
the sign being turned toward the greater number. 

Thus, 4<7 signifies that 4 is less than 7, and 12>9 
denotes that 12 is greater than 9. So, also, a> J shows 
that a is greater than d, and c<id shows that c is less 
than d. 

(25.) The coefficient of a quantity id the number or 
letter prefixed to it, showing how often the quantity is 
to be taken. 

Thus, instead of writing a+a+a-^-a+a^ which rep- 
resents 5 a's added together, we write 5a where 5 is 
the coefficient of a. In like manner. Sab signifies eight 
times the product of a and b. When no coefficient is 
expressed, 1 is always to be understood. Thus, la 
and a signify the same thing. 

The coefficient may be a letter as well a^ a figure. 
In the expression mx^ m may be considered as the ^co- 
efficient of X, because a; is to be taken as many times 
as there are units in m. lim stands for 4, then mx is 
four times x. 

(26.) The products formed by the successive multi- 
plication of the same number by itself are called the 
pmvers of that number. 

Quest —What is a literal factor ? What is a numerical factor f What 
is the sign of inequality? What is a coefficient f What are powers t 
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Thus, 2x2= 4, which is the second power of 2. 
2x2x2= 8, the third power of 2. 

2X2X2X2=16, the fourth power of 2, etc 
So, also, 3x3= 9, the secoAd power of 3. 

3x3x3=27, the fourth power of 3, etc. 
Also, aX(i=^aa^ the second power of a. 

aXaXa=^aaaj the third power, etc. 

(27.) For the sake of brevity, powers are usually 
expressed by writing the root once, with a number 
above it at the right hand, showing how many times 
the root is taken as a factor. This number is called 
the exponent of the power. 

Thus, instead of 
aa, we write a', where 2 is the exponent of the power. 
aaa^ we write a', where 3 is the exponent of the 

power. 
aaaaj we write a\ where 4 is the exponent of the pow. 
er, etc. 

When no exponent is expressed, 1 is always under- 
stood. Thus, a^ and a signify the same thing. 

Exponents may be attached to figures as well as 
letters. 

Thus, the product of 3 by 3 may be written 3', 
which equals 9. 

The product of 3x3x3 may be written 3', which 
equals 27. 

The product of 3x3x3x3 may be written 3^,^9i^iQb 
equals 81, etc. 

(28.) A root of a quantity is a factor which, multi- 
plied by itself a certain number of times, will produce 
the given quantity. ^.^ 

Qci8T.<-*Wbat is an exponent ? What is^.root of a quantity f 

\ 
\ 

\ 
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The symbol >/ is called the radical sign^ and, 
when prefixed to a quantity, denotes that ita root is to 
be extracted. Thus, 

y/9, or simply ^9, denotes the square root of 9, 
which is 3. 

V64 denotes the cube root of 64, which is 4. 
V16 denotes the fourth root of 16, which is 2. 
So; also, 

Va, or simply Va, is the square root of a.' 

Va denotes the third or cube root of a. 

y a denotes the fourth root of a, 

Va denotes the wth root of a, when n may repre- 
sent any number whatever. 

(29.) The number placed over the radical sign is 
called the index of the /^oot. Thus^ is the index of 
the square root, 3 of the cube root, 4 of the fourth root, 
and n of the wth root. The index of the square root 

is usually omitted. Thus, instead of Vfl^6, we usually 

write ^Lab, 

(30.) A vinculum , or a parenthesis ( ), in- 
dicates that several quantities are to be subjected to 
the same operation. 

Thus, a+b+cXd^ or (a+b+c)xdj denotes that thu 
sum of a, d, and (; is to be multiplied by d. But 
a+6+cxrf denotes that c only is to be multiplied by d. 

When the parenthesis is used, the sign of multipli- 
cation is generally omitted. Thus {a+b+c)xd is the 
same as (a4-6+c)rf, or d(a+b+c), 

(31.) Every quantity expressed in algebraic Jtn- 

Quest. — What is the radical sign ? What is the index of a xk/ * 
What is a vincalum ? 
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gaage, that is, by the aid of algebraic symbols, is call- 
ed an algebraic quantity ^ or an algebraic expression 
Thus, 

5a is the algebraic expression for five times the num- 
ber a. 

4a* is the algebraic expression for four times the 
square of the number a. 

6a'6' is the algebraic expression for six times the 
square of a, mnltipUed by the third power of b. 

(32.) An algebraic quantity composed of a single 
term is called a monomial. 

Thus, 2a, 3&C, Sx^, are monomials. 

An algebraic expression, consisting of two terms 
only, is called a binomial ; one consisting of three 
terms is called a^trinomiaL 

Thus, 3a+5b is a binomial, and a+2bc+5xy is a 
trinomial. 

An algebraic expression which is composed of sev- 
eral terms is called a polynomial. 

Thus, 2a+5J+7c— 4rf is a polynomial. 

(33.) The numerical value of an algebraic expres- 
sion is Hie result obtained when we attribute particu- 
lar values to the letters. 

Suppose the expression is 5ab\ 

If we make a=2 and 6=3, the value of this expres- 
sion will be 5x2x3x3=90. 

If we make a=3 and &=4, the value of the same 
expression vrill be 5x3x4x4=240. 

QnxsT.— What it an algebraic expreBsionf What it a monomial T 
What it a binomial f What is a trinomial T What is a polynomial f 
WhMt i» the nameiical Yalue of an algebraic expression f 
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(34.) Like or similar terms are terms composed of 
the same letters affected witk the same exponents. 

Thus, in the polynomial 

4a6+9aA+5a'c- 12a'c, 
the terms 4a6 and 9ab are similar, and so also are 
the terms 5a'c and — 12a'c. 

But in the binomial ' 

6ab'+5a% 
the terms are not similar ; for, although ihey contain 
the same letters, the same letters are not affected with 
the same exponents. 

(35.) The reciprocal of a quantity is the quotient 
arising from dividing a unit hy that quantity. 

1 
Thus, the reciprocal of 3 is -5-; the reciprocal df a 

. 1 

IS -. 

a 

The following examples are designed to exercise Hie 
pupil upon the precedmg definitions and remarks. 

(36.) Examples in tvhiqh words are to be translated 
into algebraic symbols. 

Ex. 1. What is the algebraic expression for the fol- 
lowing statement ? Five times the square of a mul- 
tiplied by the cube of 6 .^ 

Ans. 5a*b*. 

Ex. 2. Six times the square of a multiplied by the 
cube of 6; diminished by the square of c, multiplied 
by the fourth power of d. 

Ans, 6a'4"— cW*. 

Ex. 3. The second power of a increased by twice 

- - , 

Qu£ST .—What are similar termB ? What is the reciprocal of a qaan 

tity? 
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the product of a and 6, diminished by c, is equal to 

nine times d. 

Ans. a''+2a6—c=9d. 

Ex.4. Three quarters ofa; increased by five, is equal 
to two fifths of b diminished by eleven. 

Ans. 
Ex. 5. The quotient of three divided by the sum of 
X and four, is equal to twice b diminished by eight. 

Ans. 
Ex. 6. One third of the difference between five 
times X and four, is equal to the quotient of six di- 
vided by the sum of a and b. 

Ans, 
Ex. 7. The quotient arising from dividing the sum 
of a and b by the product of c and d, is equal to four 
times the sum of x and p. 

Ans. 
(37.) Examples in which the algebraic signs are to 
be translated into common language. 

« ^ O'+b nx 

Ex. 1. \rmx=^-j-. 

c a 

Ans. The quotient arising from dividing the sum of a 
and b by c, increased by the product of m and re, is equal 
to the quotient arising from dividing n times xhj d. 

Ex. 2. 7a'+b{c-d)=x+y. 

Ans. 

a+b X ^ 
Bx. 3. ^+-= 



3+x a d+2' 
Ans. 

Ex. 4. 4 Vab-17=—^. 



An 



& 
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X a^ab(x+2) 

Ex. 5. 2+(6-c)+7"""~3 " 

Ans. 

Ex. 6. .^^=3a;+14. 

Ans. 
(38.) Find the value of the following algebraio ex* 
pressions when a=6, 4=5, and c=4. 
Ex. 1. a'+3a6-c'. 

ilw5. 36+90-16=110.. 
Ex. 2. a'(a+ft)-2a4c. 



il9^. 156. 



^^- 3- ^+^ • 



Ex. 4. — +36+7a. 



Ex. 6. — ^ — +rT-- 

c b+c 



Ans. 28. 



Am. 



Ans. 



Ex.6. ^%6«+?i^Z*)^ii^. 



Ex. 7. 8a-f 



2&C 



V2ac+c» 

Ex. 8. \/i»^^+ V2ac+c\ 

Am. 



SECTION II. 

ADDITION. 

(39.) Addition is the connecting of quantities to« 
getiier by means of their proper signs, and incorpora- 
ting such as can be united into one sum. 

If it is required to add a number represented by z 
to four times itself, we write it 

which may be reduced to 5x. 

If it is required to add a number x to m times it- 
self, we write it x+mXy 
which two terms can not be united in one. 

If it is required to add a number represented by x 
to three times itself, and also four times itself, we 
write it x+3x+4x, 

which may be reduced to 8x. 

If it is required to add a number a; to ^ times it- 
self, and also to n times itself, we write it 

x+mx+nxj 
which three terms can not be united in one, and this 
is called algebraic addition. 

(40.) It is convenient to consider this subject under 
three oases. 

Case I. 
When the quantities are similar, and have the same 
signs. 

QuuT« — ^What If Additum T How many caies are there in Addition t 
WhatiioawBittT 
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Rule. 

Add the coefficient of the several quantities togeth* 
er^ and to their sum annex the common letter or letters^ 
jn'efixing the common sign. 

Thus the sum of 3a and 5a is obviously 8a. 
Ex. 1. What is the sum of 4a, 6a, and 9a ? 

An^. 19a. 
Ex. 2. What is the sum of Axy^ Sxy, xy, and 3a;y ? 

Ans. IQxy. 
Ex. 3. What is the sum of 3aft, 7aft, aft, and 12a6 ? 

An^. 23aft. 
Ex. 4. What is the sum of 27na;, %m>x^ 4mXj and 
5mx? 

Ans, 20mx 
Add together the following terms : 

(5.) (6.) 

2b+3x 2a+ y" 

5b+7x 5a+2y' 

b+2x 9a+3y' 

46+3a; 4a+6y' 

Ans, 12ft + 15a:. 

(41.) We proceed in the same manner when all the 
signs are minus. 

Thus the sum of —3a and —5a is —8a; for the 
minus sign before each of the terms shows that they 
are to be subtracted, not from each other, but from 
some quantity which is not here expressed ; and if 3a 
and 5a are to be successively subtracted from the same 
quantity, it is the same as subtracting at once 8a. 



(7.) 


(8.) 


5a+ xy 


3ax+ m 


da+Sxy 


12ax+7m 


da+8xy 


llax+5m 


7a+Axy 


4ax+9m 



Quest. — Give the rale. How do we proceed when all the Bigni 
•re UQgative 7 
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Ex. 9. What is the sum of —3a, —7a, —11a, and 
-8a? 

Ans. —29a. 
Ex. 10. What is the sum of -26c, -126c, -56c 
and —be? 

Ans. —206c. 
Ex. 11. What is the sum of — 3arc, — 6aa:, — 15aa; 
and —4ax? 

Ans. — 28aa;. 
Add together the following terms : 

(12.) (13.) (14.) (15.) 

3a— 2x* Ix—dy 3a'— 5a6 8ax—12mx 
5a— 7x* 2a;— 3y 6a'— 4a6 3aa;— 2mx 
6a— 12x' re— By 10a'— 2a6 lax— 8mx 
8a— lOx' L2x—Ai/ 5a'— 3a6 2aa;— 7mx 

Ans. 22a-31x^ 

Case II. 
(42.) When the quantities are similar, but have dif 
ferent signs. 

Rule. 

Add ail the positive coefficients together^ and alsf 
all those that are negative ; subtract the least of thes^ 
results from the greater ; to the differ en4:e annex the 
common letter or letters^ and prefix the sign of the 
greater sum. 

Thus, instead of 7a— 4a, we may write 3a, since 
these two expressions obviously have the same value. 

Also, if we have 5a— 2a+3a— a, this signifies that 
from 5a we are to subtract 2a, add 3a to the remain- 
deri and then subtract o^from this last sum, the result 

QuiST. — What is case lecond 7 Give the role. 



52 ELEMENTS OF ALGEBRA. 

of which operation is 5a. But it is generall j most 
convenient to take the sum of the positive quantities, 
which in this case is 8a; then take the sum of the neg- 
ative quantities, which in this osL&e is 3a ; and we have 
8a—3aj or Sa, the same result as before. 

The pupil must continually bear in mind the re- 
mark of Art. 21, that when no sign is prefixed to a 
quantity, plus is always to be understood. 

Ex. 1. What is the sum of 6a, —4a, 3a, and a? 

Ans. 6a. 
Ex. 2. What is the sum of Axy—Zxy+lxy-^xy? 

Ans, 8xy. 
Ex. 3. What is the sum of 3abm+2abm—Aabm 
+abm? 

Ans. 2abm. 
Add together the following terms : 

(4.) (5.) (6.) (7.) 

6x+5ay 7ax+ 4ab --6a' +26 2ay— 7 

-3x+2ay Sax- 2ab 2a'-36 - ay+ 8 

X'-Gay ax+lOab — 5a'--86 2ay— 9 

2x+ ay 5ax— Gab 4a'— 26 3ay— 11 

Ans. 6x+2ay 

(8.) (9.) (10.) (11.) 

2a'x-3a 8a;'+9ac 22A-4y 5ab^+ mx 

a'a;+7a 7a;'-2ac -16h+2y -7a6*-3ma; 

— 3a'a;+8a -5a;'+6ac 3A+ y 2ab^—6mx 

7a'a;— a a;'— 4ac 9h—3y ^db*+2mx 

Ans. 

Case III. 

(43.) When some of the quantities are dissimilar. 



Quest. — What is the third case ? 
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Rule.* 

Collect all the like quantities together^ by taking 
their sums or differences as in the two former cases^ 
and set down those that are unlike^ one after the other ^ 
with their proper signs. 

Unlike quantities can not be united in one term. 
Thus, 2a and 2b neither make 5a nor 5b. Their sum 
can only be written 2a +36. 

Ex. 1. "What is the sum of 2ab+%ax and 5db—2az 
+m? 

Ans. 8ab+4ax+m. 

Ex. 2. What is the sum of 4a*—2ab and 5a"+y 
+ab? Ans. 9a^—ab+y. 

Ex. 3. What is the sum of 8ax+2ac and 6ax—ae 
+4ac? Ans. 14ax+5ac. 

Add together the following terms : 

(4.) (5.) (6.) (7.) 

2xt/—2x* 3xi/+2ax 36c— 2y 5abc+ mn 

3a;' + xy — 2a;y— ax* y + b 2abcSmn 

x^ — xy —Sxy+3ax — 26c+8y 2mn— x 

4x* —Sxy — Srcy— ax 2y +4bc '-4abc+5mn 

Ans. ^ — xy. 

(44.) When several quantities are to be added to- 
geiher, it is most convenient to write all the similar 
terms under each other ^ as in the following example . 

Ex 8 Add together the following terms : 

llbe+AadSx 
%x +7bc -2ad • 
2cd-2ad-2bc. 

QvBiT.^-GiTO the rale. What is the most convenient mode of ar> 
migiiig the termtf 
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These terms may be written thus : 

llbc+4ad-8x+2cd 
7bC'-'2ad+8x 
-'2bc-2ad 

Sum, 16bc +2cd. 

Ex. 9. Add together the following terms : 

Im+Zn — 14j? 

5p —4m + 8n , 
lln—2b — m 

Am. 3a-2ft-9w+31»— 9p. 

Ex. 10. Add together 

4a' b+Sc^d-dm'n 
^vt^n— ab^+5c*d 

Imn^ +Qc*d+ 5m^n 
Ans, 4cd'b—ab^+9c*d+6m'n+llmff. 

Ex. 11. Add together 

'6c— )d—^a 

56- ^c+9d 
i7c-^6-7a 

Ans. 

Ex. 12. Add together 

• 3am—4xi/+8 
10a;y +2 — aw • 

12am-2xy+6 

Ans. 
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Ex 13. Add together 

18aa;'-12a6 +5m 
14aA + 6ac + aa^ 
2m — 7ax'+3aA 
Ans. 

Ex. 14. Add together 

6a+46--7c 
8c +2a-'3ax 

a+2c -8ft 
7a-4b+3c 
Ans. 

Ex. 15. Add together 

7ax +4ab + Sab* 
2ab —Sac + Qax 
4ab*+2ac — 25m7i 
— ax +2mn+Uiab 
Ans. 

Ex. 16 Add together 

4xy+ m+ 9a6+16 
3ab+12 - 2xi/+17m 
4 + xp-12m + 2ab 
lab- 6m -12 + 2xy 
25 + 3m — 6a;y+ Sab 
Ans. 

Ex 17. Add together 

7abc+ 3xy + 2mn 
14 + 6abc+17xy 
6mn+10xy — 3a6c 
-3a^ +15 .- 2a4c 
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Ex. 18. Add together 

2aA'+ 3ac*+96'« 

- 3a;' + 2a6'-^ Vx 
-22ac'-10a;' --4a6« 

19ac'- 86'a;+9a;* 

Ex. 19. Add together 

4a'6-7a6+2a; 
-6a'6+3a; --2aA 
9a; -4ab+2ab 
Ans. 

Ex. 20. Add together • 

12mx+3an -25 

— 2a» +Amx+ y 
+16 +4a^— 6wa; 

(45.) It must be observed that the term addition is 
used in a more extended sense in algebra than in arith- 
metic. In arithmetic, where all quantities are regard- 
ed as positive, addition implies augmentation. The 
sum of two quantities will therefore be numerically 
greater than either quantity. Thus the sum of 7 
and 5 is 12, which is numerically greater than either 
*> or 7. 

But in algebra we consider negative as well as pos- 
itive quantities ; and by the sum of two quantities we 
m*ean their aggregate, regard being paid to their signs. 
Thus the. sum of +7 and —5 is +2, which is numer- 
ically less than either 7 or 5. So, also, the sum of 

Quest. — What is the difference between arithmetical and algebraic 
addition f 
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+a and —6 is a— ft. In this case the algebraic sum 
is numerically the difference of the two quantities. 

This is one instance among many in which the 
same terms are used in a much more general sense in^ 
the higher mathematics than they are in arithmetic. 
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SUBTRACTION. 

(46.) Subtraction is the taking of one quantity 
from another ; or it is finding the difference between 
two quantities or sets of quantities. 

Thus, if it is required to subtract 17 from 25, we 
may write it 25—17, 

which equals 8. 

So, also, if it is required to subtract 5a from 8a, we 
nay write it 8a— 5a, 

which equals 3a. 

If it is required to subtract 5b from 8a, we write it 

8a-56, 
and these, being unlike terms, can not be united in one 
single term. Hence, if the quantities are positive and 
similar, subtract the coefficient of the subtrahend from 
the coefficient of the minuend^ and to their difference 
annex the literal part. If the quantities are not. sim- 
ilar, the subtraction can only be indicated by the usual 
sign. 

(1.) (2.) 

Prom 25a 16aA* 

Subtract 12a Sab^ 

Remainder, 13a ISab* 7abx 12ax 

QiTEST.—* What is sabtraction 7 If the quantities are pontiYe and sim* 
ilar, how do we proceed ? When the quantities are not similar f 



(3.) 


(4.) 


mabx 


29a2; 


5abx 


V7ax 





• 
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Prom 
Take 


(5.) 
5mx* 


(6.) 
25ab*x 
19ab'x 


(7.) 
21a'6'c 


(8.) 
22axy 

ISaxt/ 


Bem. 


8mx^ 




• 




From 
Take 


(9.) 
7mx 
5ab 


(10.) 
Sab* 
lb 


(11.) 
66a; 
24c 


(12.) ' 

12a^ 
16 


Rem. 


Imz— 


■5ab 


• 





(47.) Let us now oonsider the case in which the 
quantities are not all positive ; and let it be required 
to subtract 8—3 from 15. 

We know that 8—3 is equal to 5, and 5 subtracted 
from 15 leaves 10. 

The result, then, must be 10. But, to perform the 
operation on the numbers as they were given, we first 
subtract 8 from 15 and obtain 7. This result is too 
small by 3, because the number 8 is larger by 3 than 
the number which was required to be subtracted. 
Therefore, in order to correct this result, the 3 must 
be added, and we have 

16-8+3=10, as before. 

Again, let it be required to subtract c—d from a—b. 
It is plain that if the part c were alone to be subtract- 
ed, the remainder would be 

a—b—c. 

But as the quantity actually proposed to be sub- 
tracted is less than c by the units in dj too much has 
been taken away by dj and therefore the true remain- 
der will be greater than a—b—c by the units in rf, 
and will hence be expressed by 

QuxsT.^When the quantitief are not all pontiye f 
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a— 6— c+d, 
where the signs of the last two terms are both con^ 
irary to what they were given in the s^btrahe^d. 
(48.) Hence we deduce the following general 

EULE. 

Conceive the signs of all the terms of the subtrct- 
hend to be changed from + to — or from — to +, and 
then collect the terms together as in the several cases 
of addition. 

It is better, in practice, to leave the signs of the 
subtrahend unchanged^ and simply conceive them to 
be changed; that is, treat the quantities as if the 
signs were changed ;" for otherwise, when we come to 
revise th^ work, to detect any error in the operation, 
we might often be in doubt as to what were the signs 
of the quantities as originally proposed. 







Examples. 




Ex. 


1. From 7a;'+4y take 3a;'-2y, 

Ans. Ax*+^. 


From 
Take 


(2.) 
5o'-26 
2a»+56 




(3.) 
5xy+Sx-2 
^xySx-l 


(4.) 
a»+2a;y+y» 

a;'-2a:y+y» 


Eem. 


3a»-76 








From 


(5.) 
3a''+ ax+2x^ 


(6.) 
lOSx-Zxy 


(7.) 
4aa;— 2a;*y 


Take 


2a^-Aax+ 


re* 


3— x— xy 


2aa;— 6xy" 


Rem. 


a^+5ax+ 


re' 





Quest. — Give the general role for sabtraction. Is it beat actoallj to 
change the ligns of the subtrahend f 
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(8.) (9.) (10.) 

Prom 5a+4b'-2c Id+llzy 2y'-16a;" 

Take Za+2b+ c Sd- 4xy 6y'-18x' 

Eein. 2a+2b-3c 

(11.) (12.) 

From 6a4y— 4a;y+4a;ar 14a^x+19ax^+ 5a*af 
Take -3abf/+5xz+3xy 15a^x+llax*-15a'af 

Bern. 9a6y— xz—lxy 

(49.) Subtraction may be proved^ as in arithmetic, 
by adding the remainder to the subtrahend. The sum 
should be equal to the minuend. 

The term subtraction, it will be perceived, is used 
in a more general sense in algebra than in arithmetic. 
In arithmetic, where all quantities are regarded as 
positive, a number is always diminished by subtrac- 
tion. But in algebra, the diiference between two quan- 
tities may be numerically greater than either. Thus 
the difference between +a and —a is 2a. 

(50.) The distinction between positive and negative 
quantities may be illustrated by the scale of a ther- 
mometer. The degrees above zero are considered pos- 
itive, and those below zero negative. From five de- 
grees above zero to five degrees below zero, the num- 
bers stand thus : 

+5, +4, +3, +2, +1, 0, -1, -2, -3, -4, -5. 

The difference between five degrees above zero and 
five degrees below zero is ten degrees, which is nu- 
merioally the swnt of the two quantities. 

QnuT.— How maj subtraction be proved f What is the difference 
b aCwaen aritlmietical and algebraic subtraction f Illnstrate the dbtfaio* 
tion between pontive and negative quantities. 
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(51.) In many cases the terms positive and nega- 
tive are merely relative. They indicate some sort of 
opposition between two classes of quantities, such that 
if one class should he addedj the other ought to he sub* 
tracted. Thus, if a ship sail alternately northward 
and southward, and the motion in one direction is 
called positive, the motion in the opposite direction 
should be considered negative. 

Suppose a ship, setting out from the equator, sails 
northward 50 miles, then southward 27 miles, then 
northward 15 miles, then southward again 22 miles, 
and we wish to know the last position of the ship. If 
we call the northerly motion +, the whole may be ex- 
pressed algebraically thus : « 

+50-27+15-22, 
which reduces to +16. The positive sign of the re- 
sult indicates that the ship was 16 miles north of the 
equator. 

Suppose the same ship sails again 8 miles north, 
then 35 miles south, the whole may be expressed thus : 

+50-27+15-22+8-35, 
which reduces to —11. The negative sign of the re- 
sult indicates that the ship was now 11 miles south 
of the equator. 

In this example we have considered the northerly 
motion + and the southerly motion — ; but we might, 
without impropriety, have considered the southerly 
motion + and the northerly motion — . It is, how- 
ever, indispensable that we adhere to the same system 
throughout, and retain the proper sign of the result, 

Quest. — Sometimes the terms positive and negative are merely reV 
fttive. Illastrate this by the example of a ship 
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as this sign shows whether the ship was at any time 
north or south of the equator. 

In the same manner, if we consider easterly motion 
+, westerly motion must be regarded as — , and vice 
▼ersa. And, generally, when quantities which are es- 
timated in dijfferent directions enter into the same al- 
gebraic expression, those which are measured in one 
direction being treated as +, those which are meas- 
ured in the opposite direction must be regarded as — . 

So, also, in estimating a man's property, gains and 
losses f being of an opposite character, must be affected 
with diiferent signs. Suppose a man with a property 
of 1000 dollars loses 300 dollars, afterward gains 100, 
and then loses again 400 dollars, the whole may be 
expressed algebraically thus : 

+1000-300+100-400, 
which reduces to +400. The + sign of the result 
indicates that he has now 400 dollars remaining in his 
possession. Suppose he further gains 50 dollars and 
then loses 700 dollars. The whole may now be ex- 
pressed thus : 

+1000-300+100-400+50-700, 
which reduces to —250. The — sign of the result in- 
dicates that his losses exceed the sum of all his gains 
and the property originally in his possession ; in other 
words, he owes 250 dollars more than he can pay, or, 
in common language, he is 250 dollars worse than 
nothing. 

(52.) It is sometimes sufficient merely to indicate 
the subtraction of a polynomial without actually per- 

QoKST.— mnstrate the same principle by a caie of gain and loai. 
How dc we indicate the snbtraction of a polynomial ? 
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forming the operation. This is done by inclosing this 
polynomial in a parenthesis, and prefixing the sign — . 
Thus, 6a-36-(3a-26), 

signifies that the entire quantity 3a— 26 is to be sub- 
tracted from 5a— 36. The subtraction is here merely 
indicated. If we actually perform the operation, the 
expression becomes 

6a-36-3a+26, 
or, 2a— 6. 

According to this principle, polynomials may be 
written in a variety of forms. Thus, 

a— 6— c+d, 
is equivalent to a— (6+c— rf), 
or to a— i— (c— c^, 

or to a+d—{b+c). 

ExAlkCPLES FOR PRACTICE. 

Ex. 1. From lOax+t/ take Sarc— y. 

Ans. 7ax+2p. 
Ex. 2. From 17wa;'+12 take-17wa;'+12-ft. 

Ans. +6. 
Ex. 3. From 12a6V-y* take 3a6V+y*. 

Ans. 9a6V— 2y'. 
Ex. 4. From a+b take a— 6. 

Ans. 2b. 
Ex. 5. From 5a*+6*+2c'-15 take 12+b^+5a\ 

Ans. 
Ex. 6. Prom l7a;+4a-36+25 take 12+26-3a 
+4x. 

Ans. 

* ■ -■ r __^ _ -III, 

Quest. — Give some of the different forms in which a polynomial may 
De written. 
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Ex. 7. From 3a+2b-7c+14y take 3y f4c-6+a. 

Ans. 
Ex. 8. From 28aa;'-16aV + 25a'a;-13a* take 
18ax'+20a'x'-2Aa'x-7a\ 

Afis. 
Ex. 9. From ^a^xy—Sbx^y+ncxy'—^ take a^xy 
+Zbx^y'-lZcxy' +20y\ 

Ans. 
Ex. 10. From 10aa;*+136y'-176c take Abc-Zby" 

Ans. 
Ex. 11. From 25x+32xy-6a take 2a+17-19xy 
+3x. 

Ans. 
Ex. 12. From 12a;* take 24a;+3a;-7a;+16a;. 

Ex. 13. From 24a+17ft take 20+3ft-2a+7a--6ft. 

Ans. 
Ex. 14. From M-6ab + 2y-5x take 2a;H 3aJ 
-16+y. 

Ans, 
Ex. 15. From a* fade— 6 take 6f oftc— a". 



SECTION IV. 

IffULTIFUCATION. 

(53.) Multiplication is repeating the multiplicand 
as many times as there are units in the multiplier. 

Case I. 
When both the factors are monomials. 

If the quantity a is to be repeated five times, we 
may write it thus : 

a+a+a+a+a, 
which is equal to 5a; that is, a multiplied hy 5 is 
equal to 5a. 

If 6 is to be repeated six times, we may write it 

b+b+b+b+b+b, 

which is equal to 66. . 

If X is to be repeated any number of times, for in- 
stance as many times as there are units in a, we may 
write it ax^ which signifies a times x^ or x multiplied 
by a. 

Again, if a& is to be repeated four times, we may 
write it ab+ab+ab+ab^ 

which is equal to 4a6, or four times the product ah. 

(54.) When several quantities are to be multiplied 
together, the result will be the same in whatever order 
the multiplication is performed. Thus, let five dots 



Quest. — ^What is multiplication ? What is caie first f Is it material 
in what order the multiplication be perfrrmed? 



BIULTIPLICATION. 67 

be arranged upon a horizontal line, and let there be 
formed four such parallel lines. 



Then it is plain that the number of units in the table is 
equal to the five units of the horizontal line repeated as 
many times as there are units in a vertical column ; that 
is, to the product of 5 by 4. But this sum is also equal 
to the four units of a vertical line repeated as many 
times as there are units in a horizontal line ; that is, to 
the product of 4 by 5. Therefore the product of 5 by 4 
is equal to the product of 4 by 5. For the same reason, 
2x3x4 is equal to 2x4x3, or 4x3x2, or 3x4x2, 
the product in each case being 24. So, also, if a, &, 
and c represent any three numbers, we shall have abc 
equal to bca or cab. It is, however, generally most 
convenient to arrange the letters in alphabetical order. 

If a man earn 4x dollars a month, how much will 
he earn in 5t/ months ? 

Here we must repeat Ax dollars as many times as 
there are units in 5p ; hence the product is 

4xX5p. 
which is equal to 20xt/. 

(55.) Hence, for the multiplication of monomials 
we have the following 

Rtjle. 
Multiply the coefficients of the two terms together^ 
and to the product annex all the different letters in 
succession. 



QuxiT.— Give the rule for the maltiplicatioii of monomialf. 
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Examples. 






Multiply 

by 


(1) 

3b 


(2.) 
7ab 
8cd 


(3.) 
7axy 
Qay 


(4.) 
Say 


Product 


72ab 


56abcd 







(56.) We have seen, in Art. 27, that when the same 
letter appears several times as a factor in a prodacti 
this is briefly expressed by means of an exponent. 
Thus aaa is written a*, the number three showing 
that a enters three times as a factor. Hence, if the 
same letters are found in two monomials which are to 
be multiplied together, the expression for the product 
may be abbreviated by adding the exponents of the 
same letters. Thus, if we are to multiply a* by a', we 
find a' equivalent to aaa, and a' to aa. Therefore the 
product will be aaaaa, which may be written a*, a re- 
sult which we might have obtained at once by adding 
together 2 and 3, the exponents of the common letter a. 

Hence, since every factor of both multiplier and mul- 
tiplicand must appear in the product, we have the fol- 
lowing 

Rule for the Exponents. 

Powers of the same quantity may be multiplied by 
adding" their exponents. 

Examples. 

(1.) (2.) (3.) 

Multiply 2a'b'c 2a'6V Sa'bc" 

by 8abc* 5a*bc* ' 7abcd^ 

Product IGoW 



Quest.— Give the role for the exponents in mnltiplicatioiL 
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(4.) (5.) (6.) 

Multiply 5a*b'c* 9a'b'c* 25a'b'cd 

by 7a*b*c'd Sa'b'd 9abc' 



Product 

Multiply 
by 


35o'6Vrf 

(7.) 
6a'b'x 

7&C* 


(8.) 
lla'b'xp 
lla'b*xp 

(11.) 
27a'b'c'd' 
ISa^xt/' 


(9.) 
17adVrf* . 
9o*ftVrf' 


Product 

Multiply 
by 


42a'bV 

(10.) 
IGo&cy 
7a'b*e'xy 

112a*b*c*xy 

(13.) 

15o'6'y 

7(d>x 


(12.) 
9a'ftV 
Sa'ftajy* 


Product 

Multiply 
by 


(14.) 

17amxy 

9abx 


(15.) 
54o'6Vx 
9o6Va;y 



Product 105a*i*a^ 

Case II. 

(57.) TFiie» ^Ae multiplicand is a polynorhicU. 

If a+6 is to be multiplied by c, this implies that 
the sum of the units in a and & is to be repeated c 
times ; that is, the units in b repeated c times must 
be added to the units in a repeated also c times. 
Hence we deduce the following 

' Rule. 

Multiply each term of the multiplicand separately 
by the multiplier, and add together the prodticts. 



QvBiT.— What if the seoond case in moltiplication T 6iv« the rule. 
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Examples. 

(1.) (2.) (3.) 
Multiply 3a+26 a' +2x+l 3y'+6a^"+2 
by 4a ^ ^ 

Product 12a'+8ab 

(4.) (5.) (6.) 

Multiply 3x'+xt/+2p* 16rf+7a;y' Ibm+Ax^ 

by 5a;'y 5ab Aa*b€? 

Product 15a;»y+5xy +10a;y 

Case III. 

(58.) TFSew io^A ^Ae factors are polynomials. 

If a +6 is to be multiplied by (:+^» this implies that 
the quantity a+b is to be repeated as many times as 
there are units in the sum of c and d; that is, we are 
to multiply a+6 by c and d suooe9sively, and add the 
partial products. Hence we deduce the following 

Rtjle. 
Multiply each term of the multiplicand by each 
term of the multiplier separately, and add together the 
products. 

Examples. 
(1.) (2.) (8.) 

Multiply a+b 3x+2y ax+b 

by a+b 2x+3y cx+d 

Product a'+2ab+b' ' 

(59.) When several terms in the product are similar, 
it is most convenient to set them under each other, 
and then unite them by the rules for addition. 

QuKST. — What is the third case in multiplication ? Give the rolot 
When several terms are similar, how do we proceed T 
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(4.) 
Multiply 3a+x 

"by 2a+4x 



Product 6a'+14aa;+4a;' 



(?) 



Multiply 2a;'+5y 
by 2x*+5y 



(5.) 
a' +26 
a+ b* 

(8.) 

x^+xt/+y* 



(6.) 
a; +2 



(9.) 
aft +cd 
mx+ny 



Product 4a;*+20a;V+25y' 

(60.) The examples hitherto given in jnultiplication 
have been confined to positive quantities, and the pro- 
ducts have all been positive. We must now establish 
a general rale for the signs of the product. 

First. If + a is to be multiplied by +i&, this signi- 
fies that + a is to be repeated as many times as there 
are units in 6, and the result is +a6. That is, a plus 
quantity multiplied by a plus quantity gives a plus 
result. 

Secondly. If —a is to be multiplied by +6, ^this 
signifies that —a is to be repeated as many times as 
there are units in b. Now —a, taken twice, is obvi- 
ously —2a, taken three times is —3a, etc. ; hence, if 
—a is repeated b times, it will make —6a, or — a6. 
That is, a minus quantity multiplied by a plus quan- 
tity gives minus. 

Thirdly. To determine the sign of the product when 
the multiplier is a minus quantity, let it be proposed 
to multiply 8—5 by 6—2. By this we understand 
tiiat the quantity 8— 5 is to be repeated as many times 
as there are uidts in 6—2. If we multiply 8—5 by 6, 

QuBtT."-Wliat it the product of -f-a by -f-^ f What is the product 
•f -^« by -^ f When the multiplier it a minut quantity T 
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we obtain 48— 30 ; that is, we have repeated 8— 5 six 
times. But it was only required to repeat the multi- 
plicand four times, or (6—2). We must therefore rfr- 
minish this product by twice (8—5), which is 16— 10 ; 
and this subtraction is performed by changing th& 
signs of the subtrahend ; hence we have 

48-30-16+10, 
which is equal to 12. This result is obviously cor- 
rect, for 8—5 is equal to 3, and 6—2 is equal to 4 ; 
that is, it was required to multiply 3 by 4, the result 
of which is 12, as found above. 

(61.) In order to generalize this reasoning, let it be 
proposed to multiply a— 6 by c— rf. 

If we multiply a— 6 by c, we obtain ac—bc. But 
it was proposed to take a— 6 only as many times as 
there are units in the difference between c and d; 
therefore the product ac—bc is too large by a— 6 taken 
d times ; that is, to have the true product, we must 
subtract d times a— 6 from ac—bc. But d times a— J 
is equal to ad—bdj which subtracted from ac—bCj gives 

ac—bc—ad+bd. 
Thus we see that +a multiplied by — rf gives — arf, 
and —6 multiplied by — rf gives +bd. Hence a plus 
quantity multipUed by a minus quantity gives minus ; 
and a minus quantity multiplied by a minus quantity 
gives plus. 

(62.) The preceding results may be briefly express- 
ed as follows : 

+ multiplied by +, and — multiplied by — , give +. 

+ multiplied by — , and — multiplied by +, give — . 

Quest. — What is the prodnot of •— 6 bj c^df Hcyw may IhetD 
fMults be ezpreised t 
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Or, the product of two quantities .having the same 
ngfij has the sign plus ; the product of two quantities 
having different signSj has the sign minus. 

(63.) Hence all the cases of multiplication are com- 
orehended in the following ^ 

Rule. 

Multiply each term of the multiplicand by each term 
of the multiplier^ and add together all the partial pro» 
ductSj observing that like signs require + in the pro^ 
duct J and unlike signs — . 

Examples. 

(1.) (2.) (3.) 

Multiply 3a'-26* a?'-2a;+4 4a+2b 

by a— b x —2 4g— 26 

Product 3a*-2aft'-3a'6+2i* 

(4.) (5.) (6.) 

Multiply a*+a*+a a'-2a6+6* a'+ab+b^ 

by . a'-l 2a -3i a'-ab+b* 

Product a'— a 

Ex. 7. Multiply 6c^+12ax-6x' by 2a"-4aa;-2a;». 

Ans. 12a*-72aV+12a;\ 
Ex. 8. Multiply a;*-2a;y-3by 5a;' +10x^+16. 

Ans. 6a;*-20a;y-60a;y-45. 
Ex. 9. Multiply 2x*+acy +2y" by 3a;'-3a;y-3y'. 

Ans. Sx^-exy-lZxY-ey'. 
Ex. 10. Multiply a'-2b*+c' by a'-b\ 

Ans. 
Ex. 11. Multiply 5a*-2a'6+4aW by a*-4a"A+26". 
Ans. 5d'-'22a*b+12a'b'-6a*b'''4a'b'+8a'b\ 

QaxtT. — GiTB the general rule for multiplication. 

D 
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Ex. 12. Multiply 4a'-6a'6-8a6'+26' by 2a'-3a6 

-46'. 

Ans. 8a'-22a'b-17a*b'+4Sa'b*+26ab*-8b\ 

Ex. 13. Multiply Sa'Sbd+efhj -5<+46rf-8e/: 

ilw5.-15^+37a''M~29aV/-206'ef+446fife/-86y». 

Ex. 14. Multiply rr*+2x'+3a;'+2a;+l by a;»-2a;+l. 

Ans. re'— 2a;'+l. 
Ex. 15. Multiply 14a*c-6a'bc+c^ by 14a»c+6a'6c 

Ans. 

Ex. 16. Multiply 3a*+35a'6-17ay-13y by 3a' 
+26ab-57b\ 

Ans. 

(64.) For many purposes it is sufficient merely to 
indicate the multiplication of two polynomials, with- 
out actually performing the operation. This is effect- 
ed by inclosing the quantities in parentheses, and writ- 
ing them in succession, with or without the interposi- 
tion of any sign. 

Thus (a+b+c) {d+e+f) signifies that the sum of 
a, b, and c is to be multiplied by the sum of rf, e, and/. 

When the multiplication is actually performed, the 
expression is said to be expanded, 

(65.) The following theorems are of such extensive 
application that they should be carefully committed to 
memory. 

Theorem I. 

The square of the sum of two quantities is eqtuil to 
the square of the first, plus twice the product oj the 
first by the second, plus the square of the second. 

Quest. — How may we indicate the multiplication of polynomial! f 
What is the square of the sum of two quantities f 
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t 

Thus, if we multiply a +b 
by ' a+b 

a'+ db 
ab+b* 

we obtain the product a^+2ab+b^. 
Hence, if we wish to obtain the square of a binomial, 
we can write out the terms of the result at once, ac- 
cording to this theorem, without the necessity of per- 
forming an actual multiplication. 

Examples. 

Ex. 1. {2a+by'=4a'+4ab+b\ 

Ex. 2. (3a+2by=^9a'+18ab+9b\ 

Ex. 3. (4:a+3by=16a'+24ab+9b\ 

Ex. 4. {5a'+bY=25a*+10a'b+b\ 

Ex. 5. {5a'+7aby=25a*+70a*b+49a'b\ 

Ex. 6. (5a*+8a'i)'=25a-+80a*6+64a*6». 

This theorem deserves particular attention, for one 
of the most common mistakes of beginners is to call 
the square of a+b equal to a' +4*. 

Theorem II. 

(66.) The square of the difference of two quantities 
is equal to the square of the firsts minus twice the prod* 
uct of the first and second^ plus the square of the second. 
Thus, if we multiply a ^b 
by a—b 

a*— ab 
- ab+b* 

we obtain the product a'—2ab+y. 

QuxiT.— lUastrate by an example. What mistake do begumers fro 
quentlj oommitt What la the iqiiare of the difference of two qnanti 
tieaf 
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Examples. 

Ex. 1. (2a-36)'=4a'-12a6+96'. 
Ex. 2. (5ai)-2xy=^25a'V-20abx+^x\ 
Ex. 3. (8a'-3a;)'=64a*-48a"a;+9a;'. 
Ex. 4. (6a'-26)'=36a*~24a"6+46'. 
Ex. 5. (7a'-10a6)'=49a*-140a"6+100a'i\ 
Ex. 6. (7a'y-12a6)'=49a*6*-168a'6«+144a'6-. 
Here, also, beginners often commit the mistake of 
putting the square of a— 6 equal to a?—V. 

Theorem III. 

(67.) The product of the sum and difference of two 
quantities is equal to the difference of their squares. 
Thus, if we multiply a +b 
by a —b 

a^-\-ab 
-ab-V 

we obtain the product a'— 6'. 

Examples, 
Ex. 1. (3a+46)(3a-46)=9a'-166'. 
Ex. 2. (6a6+3a;)(6a6-3a;)=36a''6»-9a;*. 
Ex. 3. (7a+26)(7a-26)=49a'-46\ 
Ex. 4. (8a+76c)(8a~76c)=64a'-496V. 
Ex. 5. (5a'+66'')(5a'-6y)=25a*-36y. 

Ex. 6. \5x'y-\-Zxy%5x'y''Zxy')=25xY-^oi^^. 

The student should be drilled upon examples like 
the preceding until he can produce the results men- 
tally with as great facility as he could read them if 
exhibited upon paper. 

Quest. — Illastrate by examples. What is the product of the 
imd difference of two quantities ?. Illustrate by examples. 
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The utility of these theorems will be the more ap- 
parent the more complicated the expressions to which 
they are applied. Frequent examples of their applica- 
tion will be seen hereafter. 

(68.) The same theorems will enable us to resolve 
many complicated expressions into their factors. 
Ex. 1. Resolve a'+2a6+6' into its factors. 

Ans. (a+6)(a+A). 
Ex. 2. Eesolve »*+2w+l into its factors. 

Ans. («+l)(w+l). 
Ex. 3. Resolve a'— 2a6+A' into its factors. 

Ans. (a— 6)(a— A). 
Ex. 4. Resolve c^*— 6a6+96' into its factors. 

Ans. (a-36)(a-36). 
Ex. 5. Resolve a'— A' into its factors. 

Ans. (a+6)(a— 6). 
Ex. 6. Resolve a^— 6^ into its factors. 

Ans. (a'+y)(a'-6')- 

QesfT .—How may complicated expressioDB be reiolved into &cton 1 
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DIVISION. 

(69.) Division consists in finding how manp times 
one quantity is contained in another. The quantity 
to be divided is called the dividend; and the quotient 
shows how mai^ times the divisor is contained in the 
dividend. 

When we have obtained the quotient, we may verify 
the result by multiplying the divisor by the quotient — 
the product should be equal to the dividend. Hence 
we may regard the dividend as the product of two fac- 
tors, viz., the divisor and quotient— of which one is 
given, that is, the divisor ; and it is required to find 
the other factor, which we call the quotient. 

Case I. 

(70.) When the divisor and dividend are both mo- 
Aomials. 

Suppose we have 72 to be divided by 8. We must 
find such a factor as multiplied by 8 will give exactly 
72. We perceive that 9 is such a number, and there- 
fore 9 is the quotient obtained when we divide 72 by 8. 

Also, if we have ab to he divided by a, it is evident 
that the quotient will be b ; for a multiplied by b gives 
the dividend ab. 

Quest.— What is the object of division ? What is the dividend f 
What is the divisor ? What is the quotient ? What is case first? 
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If we divide 60rr by 5, we obtain 12a;, for 12a; mul- 
tiplied by 5 gives 60a;. 

So, also, 12mn divided by 3m gives 4n, 
Again, suppose we have a* to be divided by a'. We 
must find a number which, multiplied by a^, will pro- 
duce a'. We perceive that a* is such a number ; for, 
according to Art. 56, we multiply a* by a* by adding the 
exponents, 2 and 3 making 5. That is, the exponent 
3 of the quotient is found by subtracting 2, ihe expo- 
nent of the divisor, from 5, the exponent of the divi- 
dend. Hence we derive the following ♦ 

Etjle op Exponents in Division. 
(71.) A power is divided by another power of the 
same root, by subtracting the exponent of the divisor 
from that of the dividend. 





Examples. 






(1.) 

Divide a* 


(2.) 
a' 


(3.) 
6* 


(4.) 


by «• 
Quotient a* 


a* 


b* 


c* 


(5.) 
Divide A' 


(6.) 


(7.) 


(8.) 


by A* 


£l 


y* 


d 


Quotient A* 









(72.) Let it be required to divide 48a' by 6a*. We 
most find a quantity which, multiplied by 6a', will 
produce 48a*. Such a quantity is 8a" ; for, according 
to Arts. 55 and 56, 8a*x6a' is equal to 48a*. There- 

QuBST.— How are powers divided 7 
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fore, 48a* divided by 6a* gives for a quotient 8a* ; that 
is, we have divided 48, the coefficient of the dividend, 
by 6, the coefficient of the divisor, and have subtract- 
ed the exponent of the divisor from the exponent of 
the dividend. 

Hence, for the division of monomials, we have the 
following 

Rule. 

I. Divide the coefficient of the dividend by the coef* 
ficient of the divisor. 

2: Subtract the exponent of each letter in the di' 
visor from the exponent of the same letter in the div* 
idend. 

Examples. 

1. Divide 20a;' by 4x. Ans. 5x^. 

2. Divide 25a^x by 5a^ Ans. Sax. 

3. Divide 166V by 4bx. Ans. Abx. 

4. Divide 12a'xY by Qa'y\ Ans. 12a*xy. 

5. Divide 15a;V by Sx'p. Ans. 5x*y. 

6. Divide lla^bx" by la^x. Ans. lla^bx. 

7. Divide SWxY by Ib'xy' Ans. 126Vy. ' 

8. Divide 4tSa^bc by 6a''b. Ans. Sac. 

9. Divide ZQx^z^ by Axyz. Ans. 
10. Divide 4t2a''bcd by lab. Ans. 

II. Divide SSb'cy^ by 116^. Ans. 

12. Divide QAa^bdx^ by Sabx. Ans. 

13. Divide 99a;Vz' by 9xyz. Ans. 

14. Divide 27a'6y" by Zay. Ans. 

15. Divide 966'a;y by 86a;y. Ans. 

16. Divide SAabx' by 6aa;. Ans. 



Quest. — Give the rule for the division of monomials. 
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When the division can not be exactly perfonned, the 
quotient may be expressed in the form of a fraction, 
and this fraction may be reduced to its lowest terms 
according to a method to be explained in Art. 79. 

Signs m Division. 

(73.) The proper sign to be prefixed to a qiiotiept 
may be deduced from the principles already establish- 
ed for multiplication, since the product of the divisor 
and quotient must be equal to the dividend. Hence, 



therefore 



because +aX+b=+ab 
—aX+b=—ab 
+aX—'b^'-ah 

Henoe we have the following 



f +ab-T'+b^+a 
—ab'ir+b=^-'a 



Rule for the Signs. 

When both the dividend and divisor have the same 
rign^ the quotient will have the sign + ; when they 
have different signsy the quotient will have the sign — . 

Examples. 

1. Divide -ISy" by 3t/. 

Here it is plain that the answer must be — 5y/ for 
3yX-6y=-15y". 

2. Divide AOd'bd by '-5a'b. Ans. -8aW. 

3. Divide -58xY by 2a;V. Ans. -29a;y. 

4. Divide -ISa'c'd'x' by -3a'cV. 

Ans. +6a*cd'x. 

QuxsT.— When the division can not be exactly performed, what is 
to be done t How do we determine the proper li^ to be prefixed to 
Ae quotient? Give tiie role for the ngniL 
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6. Divide TTa'iVy* by -la^by. 

Am. ^llbx% 

6. Divide 966 Vef by -8b'c\ Am. 

7. Divide -64a*6Vrf by Sa'bcP. Am. 

8. Divide 88xYz by -lla;y. il»5. 

9. Divide -72a*c'd'x^ by -6aV;c\ il»5. 
10. Divide 844 Vy" by -126»cy. Am. 

Case II. 

(74.) TF%^n the divisor is a monomial and the div» 
idend a polynomial. 

We have seen, Art. 57, that when a single term is 
multiplied into a polynomial, the former enters into 
ivery term of the latter. 

Thus, if we multiply a by a+6, we obtain for a 
product a^+ab. 

Hence, if we divide a^+ab by a, the quotient must 
be a+b. 

Therefore, when the divisor is a monomial and the 
dividend a polynomial, we have the following 

Rule. 

Divide each term of the dividend by the divisor^ as 
in the former Case. 

Examples. 

1. Divide Zx*+Gx^+Zax-X5x by So;. 

Ans. a;"+2a;+a— 5. 

2. Divide Sabc+12abx-'9a*b by 3ab. 

Ans. c+AxSa. 

Quest. — ^What is the second case? Give the rule when the diyi* 
dend is a polynomial. 
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8, Divide 40a'b'+60a'b' --17 ab by -ab. 

Ans. -^a'b'-eOab-m. 

4. Divide 15a'bc-10a'cx'+5a'c'(e by -Sa'c. 

Ans. —3b+2x*—ac(r. 

5. Divide 25ab'''15abV-10a'b by -Sab. 

Ans. 

6. Divide 6a'zY-12a'xY+15a*xy by 3aVy«. 

Ans. 
1. Divide 27aV+24oV-9aV by 3aa;\ 

a Divide \2aY- 16aV'+20ay-28ay by -4ay . 

Ans. 

Case III. 

(75.) TF3le« the divisor and dividend are both poly- 
nomials. 

Let it be required to divide a^+2ab+b^ by a+b. 

The object of this operation is to find a third poly- 
nomial which, multiplied by the second, will reproduce 
the first. 

It is evident that the dividend is composed of all the 
partial products arising &om the multiplication of each 
term of the divisor by each term of the quotient, these 
products being added together and reduced. Hence, 
if we divide the first term a' of the dividend by the 
first term a of the divisor, we shall obtain a term of 
the quotient, which is a. Multiplying each term of 
the divisor by a, and subtracting the product a*+ab 
from the proposed dividend, the remainder may be re- 
garded as the product of the divisor by the remaining 
terms of the quotient. We shall then obtain another 

QuxsT.— What is the third case 7 How do we obtain the first term 
of the quotient 7 



84 ELEMENTS OF ALGEBRA. 

term of the quotient by dividing the first term of the 
remainder ab by the first term of the divisor a, which 
gives b. Multiplying the divisor by 6, and subtract- 
ing as before, we find nothing remains. Hence a+b 
is the exact quotient. 

The operation may be exhibited as follows : 



The dividend is a'+2a6+J' 

o'+ ab 



a+b is the divisor. 



a+b is the quotient. 
ab+b* is the first remainder. 
ab+b^ 



It is generally convenient in algebra to place the 
divisor on the right of the dividend, and the quotient 
directly under the divisor. 

In this example we have arranged the terms of the 
divisor and dividend in the order of the powers of the 
letter a. When the terms are thus arranged, we shall 
always obtain a term of the quotient by dividing the 
first term on the left of the dividend by the first term 
on the left of the divisor. Therefore, before commenc- 
ing the division, the terms should be arranged in the 
order of the powers of one of the letters. Hence we 
deduce the following 

(76.) Rule for the Division of PoLYNoiinALS. 

1. Arrange the terms of the dividend and divisor 
in the order of the powers of one of the letters. 

2. Divide the first term on the left of the dividend 
by the first term on the left of tHe divisor ; the result 
will be the first term of the quotient. 

Quest. — la what order mast we arrange the terms 7 Give the ml* 
for the division of polynomials. 
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* 3. Multiply the divisor by this term, and subtract 
the product from the dividend, 

4. Divide the first term of the remainder by the 
first term of the divisor ; the result will be the second 
term of the quotient. 

5. Multiply the divisor by this term, and subtract 
the product from the last remainder. Continue the 
same operation till all the terms of the dividend are 
exhausted. 

If the divisor is not exactly contained in the divi- 
dend, the quantity which remains after the division is 
finished must be placed over the divisor in the form 
of a fraction, and annexed to the quotient. 

Ex. 2. Divide a;"--a"+3a'a;— 3aa;' by a;— a. 

We here arrange the letters in the order of the pow- 
ers of X. 

Dividend. Divisor. 



af-Zax^+^a^x-a* 
af— ax^ 



X —a 



x'— 2aa;+a" 



— 2aa;'+3a'a;— a* , Quotient. 
'-2ax^+2a^x 

d^x—df 
a^x—df 

Ex. 3. Divide a'+2a'6+2a6'+6» by a«+a6+6». 

Ans. a^rb. 
Ex.4. Divide 24a'-42a'a;+19ax«-15x' by 2a-3a;. 

Ans. 12a'— 3aa;+5a;'. 
Ex. 5. Divide 6a«+17a'6+24oft'+166» by 3a+46. 

Ans. 2a'+3a6+46'. 



QuitT — ^If tiiero if a remainder, what moit be done with it f 
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Ex.6. Divide ax^+3a'a;*—axy*—3a*a:y* by fla;*—ay*« 4 

Ans. ac^+Q^+Zax, 
Ex.7. Divide 2a*-5a'J+2aV+36'-26c* by a'-6. 

Ans. 2a»-36+2c". 
Ex. 8. Divide a*+2aV+z* by a*-aar+2r«. 

Ans. a^+a*z+a2^+s^. 
Ex. 9. Divide a*-16aV+64a;* by a'-4aa;+4a'. 

Ex. 10. Divide a*+6aV-4a'a;+a:*-4aa;' 

by a"— 2aa;+a;'. 

Ans. a'— 2aa;+af. 

Ex. 11. Divide rc^+rcV +y* by rc^+ay+y'. 

Ex. 12. Divide 12a;*-192 by 3a;-6. 

Ans. 4a;»+8a;*+16a:+82 
Ex. 13. Divide a«+3a'6*-3a*6'-y 

by a'-3a'6 +3a6« -6\ 

Ans. a'+3a'6+3ai'+y. 

Ex. 14. Divide 2aV + a*te + aca;-6aW-6a6c-c" 
by ax+2ab+c. 

Ans. 2arc— 3aJ— c. 

Ex. 15. Divide a*+2ai'-2a»6-46* by a-26. 

Ans. a*+2b\ 
Ex. 16. Divide 4a;*-5rc*+12a;-3 by 2a;«+3a;-l. 

Ans. 23^ -3x^3. 

Ex.17. Divide 2y»-19y»+26y-16 by 2^-3^+2. 

Ans. y— 8. 
Ex. 18. Divide a'-2a'x*-2a*z+4x* by a*-23;. 

ilw5. a*"2z\ 
Ex. 19. Divide a'-6» by a-b. Ans. 
Ex. 20. Divide a'-b* by a-ft, iliw. 
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(77.) If the first term of the arranged dividend is 
not divisible by the first term of the arranged divisor, 
the complete division is impossible. So, also, the com- 
plete division is impossible Y^hen the first term of one 
of the remainders is not divisible by the first term of 
the divisor. 

QuiBT.— When will the complete division be impostible T 
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FRACTIONS. 

(78.) When a quotient is expressed as described in 
Art. 7, by placing the divisor under the dividend with 
a line between them, it is called a fraction ; the div- 
idend is called the numerator, and the divisor the de- 
nominator of the fraction. Algebraic fractions do not 
differ essentially from arithmetical fractions, and the 
same principles are applicable to both. The denomi- 
nator shows into how many parts a unit is divided; 
and the numerator shows how many of those parts are 
used ; or the denominator shows into how many parts 
the numerator is divided. 

Thus, the fraction yr- indicates that a unit has been 

divided into eleven equal parts, and that six of these 
parts are supposed to be taken. 

So, also, the fraction -z- indicates that a unit has 



been divided into b equal parts, and that a parts are 
supposed to be taken ; or the numerator a is to be di« 
vided into b parts. 

Every quantity which is not expressed under a frac- 
tional form is called an entire quantity. 

An algebraic expression composed partly of an entire 

Quest. — What is a fraction? What does the denominator showf 
What does the numerator show 7 What is an entire quantity 7 * 
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quantity and partly of a £raction| is oalled a mixed 
quantity. 

Problem I. 

(79.) To reduce a fraction to lower terms. 

1 2 3 4 

The fraction -^ is evidently equal to j, or g, or g, or 

j5,etc. 

So, also, the fraction ^ is equal to ;^, or j^, or •^. 

Of 2(1 

In like manner, the fraction -r is eqifal to ^, or 

3a 10a ^ 
36' or ^, etc. 

That is to say. 

The valtie of a frccction, is not changed if we muU 
iiply or divide both numerator and denominator by the 
same number. 

ah abx abxv 

Thus, ^^^f^^f^^^fy^j^ 

a ax axy 

Hence, to reduce a fraction to lower terms, we have 
the following 

Rule. 

Divide both numerator and denominator by any 
quantity which will divide them both without a re* 
mainder. 

If the numerator and denominator are both divided 



Quest.— What is a mixed quantity f How may we-redace a fraction 
to lower temiB 7 Give the rale. 
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until they no longer have any common factor, it is evi- 
dent that the fraction will be reduced to its lowest 
terms. In the case of monomials, it is easy to detect 
the presence of a common factor ; in the case of poly- 
nomials, they may often be detected by applying the 
principle of Art. 68. 



4ax 
Ex. 1. Reduce -^r- ^ its lowest terms. 

ooz 



^ 2a 



4ax* 
Ex. 2. Reduce ^ „ , to its lowest terms. 

5abx 



Ans. =-£. 
dab 



6adx* 
Ex. 3. Reduce ^^ , to its lowest terms. 



ad 

Ans. -7-. 

4x 



2Aabx^ 
Ex. 4.. Reduce ^^ , ^ to its lowest terms. 

^ 2&C* 

Ans. . 

a 

Ex. 0. Reduce ^ ,, , to its lowest terms. 

^ 46*CT* 

Ans. . 

a 

Ex. 6. Reduce .o i>i ^j to its lowest terms. 

48a*b*c'd 



QuBST. — How may we reduce a fraction to its lowest terms f 
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•n « T> 1 75ab*mx . , 

iiiX. 7. Adduce f>^ ,,a to its lowest terms. 

, 25b'm 

Ans. -, - . 

i5axy 

Ex. 8. Reduce ., , , , to its lowest terms. 

Ex. 9. Keduce ^.g ,,, a , to its lowest terms. 

, 2a6 

Ans. . 

mn 

Ex. 10. Reduce qq «/w,it> *^ ^^ lowest terms. 

, 5a6V 
7m 

48m'w'a;' 

Ex. 11. Reduce -ob to its lowest terms. 

oomnxif 

4mnx 

Ex. 12. Reduce ^^ ,, — r to its lowest terms. 

, 25a'6c* 

•n ^«« -n ^ 234a^xv . .. , 
Ex. 13. Reduce ^q , , . to its lowest terms. 

ooax tf 

^^^- m-y 

Bx. 14. Reduce ^^ , r- to its lowest terms. 

. 15mxv 
Ans. — :i — . 
4a 
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4a'+6a* 
Ex. 16. Reduce ^^ ,,, . o , to its lowest terms. 

2+3a* 
Ans. 



5b'+4ac' 

Ex. 16. Eeduoe ^3?^^^ to its lowest term. 

39a 

^ ^a'b+dac 
^' 13 

17 ir^ T. ^ 21a*6'-35a'6* .^ . 
Ex. 17. Reduce ^ . „ , . ,g ,,, to its lowest terms. 

l^a'b*+56a*b^ 

3a'-5y 

^^- 2b+8a' 

17 1Q -D J 25a'6'x-30a«6V. ..I 
Ex. 18. Reduce ^g 4i^. — .g ,,, to its lowest terms. 

35a6'— 4oa'6 

« 

5a;— 6y 
^''^- 7a»-96- 

Ex. 19. Reduce , . ^^ , . ,, to its lowest terms. 

a +2ab+b^ 

(a+b)(a'-b) 
This fraction may be written ^ — . ^..^ — -. 

Rejecting the common factor a+b, we obtain 

"" a — b 

a+b 

' Ex. 20. Reduce — ^ — to its lowest terms. 

This fraction may be written , f^j/^\v . 

Rejecting the common factor a—b, we obtain 

a—b 

a+o 
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Problem II. 
(80.) To reduce a fraction to an entire vr mixed 
quantity. 

Rule. 

Divide the numerator by the denominator for the 
entire part J and place the remainder j if any j over the 
denominator for the fractional part, 

27 

Thus, -=- is'equal to 27 -r5, which equals 5y. 
o 

^ , ax+d" . . ,; .a' 

Also, =^{ax+a)-rx=a-] — . 

Examples. 

6678 

1. Beduce — =- to an entire quantity. 

Ans. 954. 

ax—x* 

2. Reduce to an entire quantity, 

X 

Ans, a—x. 

3. Reduce — t — to a mixed quantity. 

2a* 
Ans. a — r"« 
o 

4. Reduce to an entire quantity. 

An^. x+y. 

^ ^ . lOrc*— 5rc+3 ^ . , ... 

5. Reduce = to a mixed quantity. 

tjX 

Ans. 2a;— 1+^-. 

OX 
ilvifT,— How may we radoco a fraction to an entire or mixed qnan* 
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6. Eednoe ^^nlgtZi*. fo a mixed quaatity 

8 • 



Am. 6*-2+ 



22oV-33aV+7ffl6 
7. Eednoe jj^;^ to a mixed quantity 

7ft 



il»5. 2ac— 3aV+ 



Wac 
8. Eednoe r^ — ri to a mixed 

Q 

quantity. ilm. 3a*a;y+2a'— y^- 

Problem III. 

(81.) To reduce a mixed quantity to the form of a 
fraction. 

EULE. 

Multiply the entire part by the denominator of the 
fraction ; to the product add the numerator^ with its 
proper sigfij and place the result over the given de* 
nominator. 

rm, Q« • 1 ^ 3x5+2 15+2 17 
Thus, 3f IS equal to — ^ = — = — ~'^* 

This result may be proved by the preoeding rule. 

17 

For -=: is equal to 17-r5=3f . 

., b , , ^ aXc+b ac+b 

Also, aH — IS equal to = . 

' c ^ c c 

QuxsT.— How may we reduce a mixed quantity to the fonn of a 
fraction 7 



FRAcrroNs. Wi 

Examples, 
1. Reduce 7f to the form of a fraction. 

Ans. -^. 
6 

a*— a;" 

5. Reduce x-\ to the form of a fraction. 

X 

Ans. — . 

X 

8. Reduce x-i — s — to the form of a fraction 

2a 

3ax+x* 

2a;— 7 
4b Reduce 5-\ — s — to tlie form of a fraction. 

3a; 

A 17a;-7 

Ans. — t; . 

ox 

R. Reduce iH to the form of a fraction. 

a 

• Ans. . 

a 

x—S 

6. Reduce l+2a;H — = — to the form of a fraction. 

ox 

, 10a;'+6x-3 

Ans. = . 

ox 

7. Reduce a+b'\ to the form of a fraction. 

X 

ax+bx+a—b 
Ans. . 

X 
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8. Reduce 2a6— 3c+-=— to the form of a fraction. 

lOaby—lScy+^ax 
Ans, ■= . 

9. Riduoe llac— 4a;H — ^ to the fonn of a frao- 

. 22a'cm—8amx+7ax—3b 
tion. Ans. ^ . 

10. Reduce 7H — ; — tt to the form of a fraction 

^ 7a*-46«-8c" 

Ans. z r; • 

Problem IV. 

(82.) To reduce fractions to a common denomina* 
tor. 

Rule. 

Multiply each numerator into all the denominators^ 
except its own^ for a new numerator ^ and all the cfc- 
nominators together for a common denominator. 

Examples. 

3 2 

1. Reduce ■= and = to a common denominator, 
o 7 

We have seen in Art. 79, that if both numerator and 
denominator are multiplied by the same number, the 
value of the fraction will not be altered. If we mul- 
tiply both the numerator and denominator of the first 
fraction by 7, and those of the second by 5, the frac- 

QuEST.— •How maj- we reduce fractioiis to a common denaminatorf 
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tions beoome k? and ^, 

where both fractions have the same denommator. 

13 6 

2. Bednoe ;r, -=. and - to a common denominator. 

o O 7 

Proceeding according to the rule, the numerator of 
the first fraction hecomes 1x5x7= 35, 

the second " 3x3x7= 63, 

the third « 6x3x5= 75, 

and the common denominator be- 
comes 3x5x7=105. 

Hence the required fractions are ^-j?^, :r^, and ^tj^) 

which are evidently equivalent to the fractions pro- 
posed* 

a c 

3. Reduce r and ^ to fractions having a common 

ad be 
denominator. Ans. -r^, -r^ 

Here it will be seen that the numerator and denom- 
inator of the first fraction are both multiplied by d^ 
and in the second fraction they eOre both multiplied by 
b. The value of the fractions, therefore, is not changed 
by this operation. 

a a-\-b 

4. Seduce t and to equivalent fractions hav- 
ing a common denominator. 

^ ae ab+b^ 

^' W ST' 

QvsiT.— -How does it ^pear that the yalue of fractions is not changed 
bj radnoing tiMBU to a oommon denominator f 

E 
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5. Reduce ^, -^^ and d to firactions having a ooin- 

mon denominator. 

9cx Aab 6acd 
' 6ac' 6ac* 6ac * 

3 2a; 4x 

6. Reduce j, -o-> and a+-^ to fractions having a 

common denominator. 

45 40a; 60g-tT48g 
60' 60 ' 60 • 

o Sx fit— a; 

7. Reduce 5, -=-, and to fractions having a 

common denominator. 

7a* +7 ax Sax+Gx" 14a— 14a; 
^^^' 14a+14a;' 14a+14a;' 14a+14a;' 

X X 1 — X 

8. Reduce «, ^, and ^37" ^ fractions having a 

common denominator. 

5a;+5a;' 3a;+3a;' 15- 15a; 



Ans. 



15+15a;' 15+15a;' 154-15a;' 



9. Reduce -^rr^ -ft-j and to fractions having 

26 5b c ° 

a common denominator. 

5abc Gabcx 10^*6'- 10&* 
"^^^ 10^' lOb'c' 10b*c • 

10. Reduce •^, -jj and — vr- to fractions having a 

common denominator. 

Aa'+iab 5ab'+5b' 20a'+206' 



Ans. 



20a+206' 20a+20A' 20a4-20A* 
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Problem V. 
(83.) Tc ctdd fractional quantities together. 

Rule. 

Reduce the fractions^ if necessary^ to a common dt* 
nominator; add the numerators together^ and place 
their sum over the common denominator. 

The fractions must first be reduced to a common 
denominator to render them Uke parts of unity. Be- 
fore this reduction, they must be considered as unlike 
quantities. 

Examples. 

8+2 5 

7 7 

3 4 

2. Add together ? and -. 

These fractions, reduced to a common denominator, 

21 20 41 

are ^ and ^. Hence their sum is k?9 or 1/j. 



2a 4ab 
a. Add together gj^ and gg^. 



. 2a+4ab 



4 Add together ^ and »• 



QuB0T.— How do we add fraetioiif together T Why nmit the frao> 
tioiit be rednoed to a oommoii denomiiiatorf 



■->^4^i) 
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Reduoing to a ooxxunon denominator^ the fractions 

Sx 2x 
become -^ and -g-. 

Adding the numerators, we obtain -^ Ans. 

a c 
6. What is the sum of -z- and j? 

b a 

. ad+bc 
•^ Ans. — i-ji — m 

oa 

6. Bequired the sum of t? ^ and -^ 

. adf+bcf+bde 
^^- W ^^ 

7. Required the sum of^and|. 

8ad+9bc' 
^^- 12bcd • 

2x Sx 

8. Required the sum of 2a+^ and a+-^. 

58x 
Ans. 4a+-7=-. 
40 

a b 

9. Required the sum of — tt and r. 

Ans.-^rzf,. 

10. Required the sum of — ^ and — tT"* 

JiM. a, 

a a^2in a+27>y 

11. Required the sum of 5, — j— ^, and — ^[^ — 

Ans. a. 



/ 
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12. Required the sum of — r— aud — ; — . 
^ m+n m+n 

Ans. a. 

Problem VI. 

(84.) To subtract one fractional quantity from an- 
rjlher. 

Rule. 
Reduce the fractions to a common denominator ; 
subtract one numerator from the other ^ and place their 
difference over the common denominator. 

Examples* 

5,3 

1. From = subtract ^. 

Reducing to a common denominator, the fractions 

25 ^ 21 
become o^ and o^- 

25 21 4 

^^"^^ 35~36=36 ^^• 

2x Zx 

2. From -jr subtract -^. 

o 8 

Reducing to a common denominator, the fraction^ 

10a; , 9a; 
become -tf" w^d -r^. 

lo lo 

^ 10a? 9x X . 

Hence, IS ""l6=16 ^'''' 

mx 2x 

3. From -^ subtract -g-. 

60a;-21a; 39a; 
'*^- 36 ""15 • 



QvsiT.— How do we labtnet ooo fraotion from another t 
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4. From -z — subtract 



b—c b+c 



2acx 

ft*— C* 



-_ o+ft , a — b 

6. From -^ snbtraot — 5— • 



6. From ^ sub1,aot ^+^ 



Atu. b. 



4x --■'"—•' 7 • 

7o+21i-86a;-20a? 



Ans. 
7. From ^ subtract "^"^ 



28x 



a d 

ad+bd-'CtC'^ad 



Ans. 

b d 

8. From 4a+- subtract 3a-l — ^. 

c e 



ad 



. . be—cd 

Ans. a-i . 

ce 



2ax — 7x _ Sax 

9. From — ^ subtract -z — . 

2mx 4m 



Aax—lAx—Sast? 
Ans. — '— 



10. From llab+2bc subtract 



4^710; 
2ab 



Ans. 



Sbm' 

SSab*m+6b*cm-2ab 
Sbm 



Problem VII. 
(85.) To multiply fractional quantities together. 

QuxsT.— How do we multiply fractional quantities together t 
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Rule. 

Multiply all the numerators together for a new 
numerator y and all the denominators together for a 
new denominator. 

Before demonstrating this rule, we must establish, 
the two following principles : 

1. In order to multiply a fraction by any number, 
we must multiply its numerator or divide its denom- 

inator by that number. 

ab 
Thus, the value of the fraction — is b. If we mul- 

a 

a'b 
tiply the numerator by a, we obtain — , or ab ; and 

a 

if we divide the denominator of the same fraction by 

a, we also obtain ab ; that is, the original value of the 

fraction has been multiplied by a, 

2. In order to divide a fraction by any number, we 
must divide its numerator or multiply its denominator 

by that number. 

a^b 
Thus, the value of the fraction — is ab. If we di- 

a 

vide the numerator by a, we obtain — , or b; and if 

•^ a 

we multiply the denominator of the same fraction by 

a^b 
a, we obtain —7-, or b ; that is, the original value of 

a 

the fraction ab has been divided by a. 

a c 
Let it now be required to multiply r ty t. 

QuBST.— Upoo what principles does this rale depend f How do we 
multiply a fraction by any nomber T How do we divide a fraction by 
any number f 
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First, let us multiply t by c. According to the first 

etc 
of the preceding principles, the product must he -j--. 

c 
But the proposed multiplier was ^/ that is, we have 

used a multiplier d times too great. We must there- 
fore divide the result -j-hy d; and according to the 

second of the preceding principles, we obtain 

ac 

which result is the same as would have been obtained 
by multiplying together the numerators of the two 
fractions for a new numerator, and their denominators 
for a new denominator. 

If the quantities to be multiplied are mixed, tliey 
must first be reduced to fractional forms. 

3 5 15 

1. Multiply - by ^. Ans. ^. 

2. Multiply -g by -3-. Anz. 2=. 

4a; 2a Sax 

3. Multiply — by -r-. Ans. -=r: 

oj 4.0J lOiC 

4. What is the continued product of ^, -^, and -^ ? 

. 4a;' 
Ans. ■^. 
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lOS 



6. Multiply - by — t~» 



Ans. 



x*+ax 



^ 6. What is the oontinned product of — , — , and 



Sac, 



3a6 4^171 
7. Multiply^ by 3^. 

9. Multiply ^^ by -^^^. 

<^^ bx a 

10. Mnltipty^i+— by-. 



Ans. 



Ans. diix. 
3a*bm 



Ans. 



Ans. 



I 



a 



11. Multiply ^^' by 



X 



Ans. 



Ans. 



5bcdn 

52b'my'' 
2ab-Zx 
bx+2cx' 
ab+bx 



X 

b'c+bc"' 

x+1 



a 
x*—x 



J and 



be "^ b+c* 
12. What is the continued product of re, 
«— 1^ . 

Froblbm YIIL 
(86.) To divide one fractional quantity by another. 

Rule. 

Invert the divisor^ and proceed as in multiplication. 

If the two firactions have the same denominator, 
then the quotient of the fractions will be the same as 
the quotient of their nxunerators. 

QussT. — How do we diyide one fraction by anotlier T Explain the 
fMion of the role. 

E3 
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3 . 9 

Thus it is plain that zrj is oontained in tj as often 

as 3 is contained in 9. 

But when the two firaotions have not tne same de- 
Dominator, we must reduce them to this form by Prob- 
lem IV. 

Letitberequiredtodividefby^ 

Reducing the fractions to a common denominatori 

we have -ri to be divided by r^ 
bd ^ ba 

It is now plain that the quotient must be represent- 
ed by the division of ad by bc^ which gives 

ad 

the same result as obtained by the above rule, 
m, a c a d ad 

Examples. 

1. Divide = by j=-. Ans. ^ or 2|f • 

X 2x 

2. Divide « ^7 "q"* -^^^ ^i- 

3. Divide ^ by -j. Am. ^. 

4. Divide "H" by -=■ . Ans. ^. 

4x* , 5x 12x 

. Divide -yT by -^, Ans, -r^. 

a -n- -J ^+* , 2a . a+b 

o. Divide -=-T- by -=-• Ans. -7—. 

14 "^ 7 4a 
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15 5 
7. Divide - — ^ by r. 



a Divide 



9. Divide 



a—b 

a—x 

'6bd 

2x' 



by 



:.by 



b' 

X 



a*+x* ^ a+x 



x+1 2x 
10. Divide —g— by -5-. 



11- ^'^^ i3rf ^y 



3 

Sex 
4J* 



12. Divide ,, > by -^ 



iln^. 



il?^. 



3b 

a—x 
14dmn 



. 2ax+z^ 
Ans. — p; — 5-. 



Ans. 



x+1 
4x 



Ans. 



X — b 

2a+x 



c^+cx+af 



I* "• 



SECTION vn. 

EQUATIONS OF THE FIRST DEOREB. 

(87.) An equation is a proposition which declares 
ike equality of two quantities expressed algebraically. 

Thus, a:— 4=a— a: is a proposition expressing the 
equality of the quantities x— 4 and a— a;. 

(88.) Equations are usually composed of certain 
quantities which are known^ and others which are un^ 
known. The known quantities are represented either 
by numbers or by the first letters of the alphabet, a, 
d, c, etc. ; the unknown quantities by the last letters, 
a:, y, Zy etc. 

(89.) A root of an equation is the value of the un- 
known quantity in the equation. 

(90.) Equations are divided into degrees^ according 
to the highest power of the unknown quantity which 
they contain. 

Those which contain only the first power of the un- 
known quantity are called equations of the first de- 
gree. 

As ax+b^cx+d. 

Those in which the highest power of the unknown 
quantity is di square^ are called equations of the seC' 
ond degree, etc. 

QuKST. — ^What is an equation f How are known and anknown quan- 
tities represented f What is a root of an equation 7 What b an equa- 
tion of the first degree f What is an equation of the second degree 7 
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Thus 3x*— 2a;=40 is an equation of the second de- 
gree. 

(91.) To solve an equation is to find the value of 
the unknown quantity ; or to find a number which, 
substituted for the unknown quantity in the equation, 
proves the two members of the equation to be equal 
to each other. 

(92.) The following principles are regarded as self- 
evident, and are called axioms : 

1. If equal quantities be added to both members of 
an equation, the equality of the members will not be 
destroyed. 

2. If equal quantities be subtracted from both mem- 
bers of an equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by 
the same number, the equality will not be destroyed. 

4. If both members of an equation be divided by 
the same number, the equality will not be destroyed. 

(93.) Th6 unknown quantity may be combined with 
the known quantities in the given equation by the 
operations of addition^ subtraction, multiplication^ or 
division. 

We shall consider these different cases in succession. 

I. The unknown quantity may be combined with 
known quantities by addition. 

Let it be required to solve the equation 

a;+5=25. 

If from the two equal quantities z+5 and 25 we 
subtract the same quantity 5, the remainders will be 

QuisT.— What if meant by aolviog an eqoatioD T Name the axiomf 
employed in algebra. When known qoantities are added to the no 
known quantity, how do we lolye the equation T 
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equal, according to the last Article, and we shall have 

a;+5~5=25-5, 
or 2;=20, the value required. 

So, also, in the equation 

subtracting a from each of the equal quantities x-^-a 
and bj the result is 

2;=i— a, the value required. 
(94.) n. The unknown quantity may be combined 
with known quantities by subtraction. 
Let the equation be 

' a;-5=15. 
If to the two equal quantities xS and 15, the same 
quantity 5 be added, the sums will be equal according 
to Art. 92, and we have 

a:-5+6=15+5, 
or 2;=20, the value required. 

So, also, in the equation 

a;— a=J, 
adding a to each of these equal quantities, the result 
is x=b+aj the value required. 

From the preceding examples we conclude that 

We may transpose any term of an equation from 
one member to the other by changing^ its sign. 

We may change the sign of every term of an equa* 
Hon without destroying the equality. 

This is, in fact, the same thing as transposing every 
term in each member of the equation. 

Quest.— When known qnantities are sabtracted from the anknown 
quantity, how do we solve the eqoation 7 How may the terms of an 
eqaation be transposed t What change may be made in the signs of 
the terms 7 
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If the same quantity appear in each member of an 
equation affected with the same sign^ it may be sup* 
pressed. 

(95.) in. The unknown quantity may be combined 
with known quantities by multiplication. 
Let the equation be 

5a;=25. 
If we divide eadi of the equal quantities 5x and 25 
by the same quantity 5, the quotients will be equal, 
and we shall have 

a;=5, the value required. 
So, also, in the equation 

ax^=b^ 
dividing each of these equals by a, the result is 

a;=-, the value required. 

From this we conclude that 

When the unknown quantity is multiplied by a 
known quantity^ the equation is solved by dividing 
both members by this known quantity. 

(96.) rV. The unknown quantity may be combined 
with known quantities by division. 

Let the equation be 

X 

5 ^- 

X 

If we multiply each of the equal quantities ^ and 

4 by the sande quantity 5, the products will be equal, 
and we shall have 

a;=20, the value required. 

QuxiTw— When may a qoantity be sappreaaed f When the unknown 
quantity ia multiplied by a known quantity, how it the equation solved t 
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So, alflOy in the equation 

X 

a 
multiplying eaoh of these equals by a, the result b 

x=a6, the value required. 
From this we conclude that 

When the unknown quantity is divided by a known 
quantity^ the equation is solved by multiplying" both 
members by this known quantity. 

(97.) V. Several terms of an equation may be fraC' 
ttonal. 

Let the equation be 

xJ2 4 

Multiplying each of these equals by 2, the result is 

__4 8 

Multiplying eaoh of these last equals by 3, we ob- 

24 
tain 3x=A+-=- ; 

o 

and multiplying again by 5, we obtain 

15a;=20+24, 
an equation free from fractions. 

We might have obtained the same result by multi- 
plying the original equation at once by the product of 
all the denominators. 

Thus, multiplying by 2x3x5, we have 

30a;_60 120 

~2""3"^ 5 ' 

QuisT.— Wlien the unknown quantity is divided by a known quan> 
tity, how IB the equation solved 7 When several terms of «n eqnatios 
are fractional, how should we proceed 7 
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or, reduoing, we have 

15x=20+24, as before. 
So, also, in the equation 

x^ d 

multiplying suooessively by all the denominators, oi 
by d t9 6 at onoe, we obtain 

acex abce acde 
a "^ c e ' 

Canceling from eaoh term the letter which is com- 
mon to its numerator and denominator, we have 

cex=^ab€+acdj 
an equation clear of fractions. 

Hence it appears that 

An equation map be cleared of fractions by multt* 
plying each member into all the denominators. 

We will now apply these principles to the solution 
of equations. 

Ex. 1. Given 5x+8=4a;+10 to find the value of x. 

Transposing 4x to the first member of the equation, 
and 8 to the second member, taking ceure to change 
their signs (Art. 94), we have 

5a;-4a;=10-8. 

Uniting similar terms, we find 

x=2. 
In order to verify this result, put 2 in the place of 
X wherever it occurs in the original equation, and we 
shall obtain 

6x2+8=4x2+10. 
That if, 10+8=8+10, 

or, 18=18, 
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whioh proves that we have found the oorreot valae 
of a; 

X X 

Ex. 2. Given ic— 7=^+^, to find the value of x. 

O O 

Multiplying 6very term of the equation by 5, and 
also by 3, in order to clear it.of fractions (Art. 97), we 
obtain 

15a;-105=3a;+5a?. 
Hence, by transposition, Art. 94, 

16x-3a;-6x=105, 
or, 7a;=105, 

and therefore x=f =15. 

To verify this result, put 15 in the place of re in the 
original equation, and we have 

« « 15 15 

That is, 15-7=3+5, 

or, 8=8, 

which shows that we have found the correct value of x, 

Ex. 3. Given 3ax-'4ab=2ax—6ac, to find the val- 
ue of x in terms of b and c. 

Dividing every term by a, we have . 

3x''4b=2x-'6c. 

By transposition, 

3a;-2x=46-6c, 
or, x=4b'-6c. 

This result may be verified in the same manner* as 
the preceding. 

(98.) Hence, in order to solve an equation of the 
first degree containing one unknown quantity, we have 
the following 
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Rule. 

1. Clear the equation of fractions^ and perform in 
both members all the algebraic operations indicated. 

2. Transpose all the terms containing, the unknown 
quantity to one side^ and all the remaining terms to 
the other side of the equation, and reduce each mem* 
ber to its most simple form. 

3. Divide each member by the coefficient of the un^ 
known quantity. 

Ex. 4. Q-iven 5x+16--7=29 to find the value of x. 

Ans. x=4. 
Ex. 5. Given x+12=4a;— 6 to find the value of a;. 

Ans. x=6. 
Ex. 6. Given 7-3a+12=25-4a;-l to find the 
value of X. 

Ans. x—5. 

X X 

Ex. 7. Given 2a;+5+^=27 to find the value of x. 

Ans. a;=10. 

x ^ 
Ex. 8. Given 3x— o+4=6x— 6 to find the value 

of X. 

Ans. x=3. 

X fix 3x 

Ex. 9. Given ^ — =-+x=-=-+53 to find the value 

o O 7 

o{x. Ans. x=105. 

XXX 

Ex. 10, Given a:+s+^— s=3^— 49 to find the val- 

o O o 

ne of X. 

Ans. x=30. 

QuiST.— 'Qive the rale for tolTing an equation of the fint degree, 
trith one nnknown quantity. 
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Ex. 11. Q-iven 2a; H — « — ^x—a to find the valae 
of a;. Ans. x= — -^. 

XXX 

Ex. 12. Given -+t — =rfto find the yalne of x. 

a o c 

iliw. x= 



bc+iUi—'Ctb' 

a 
Ex. 13. Given 2ax+6— 5=&B+a to find the value 

of X. 

4«-15 

Ex. 14. Given 3x'— 10fl;=8a;+x' to find the valae 

of a;. 

Ans. a; =9. 

a{d^-\-7:?) (IX 

Ex. 15. Given -^--7 ^=a(;+-j- to find the value 

ax a 

of X. 

Ans. x=-. 

c ^ 

Ex. 16. Given — 7— +6a;= — = — to find the value 



.a;=9, V 



of X. Ans 

nh 1 

Ex. 17. Given — =6c+rfH — to find the value of x. 

X X 

ab-1 
Ans. x= , . , . 
bc+d 

•r, ^« ^. o 2a;+6 ^ .lla;-37 ^ , , 
Ex. 18. Given 3a;H g— =5H 5 to find the 

value of X. Ans. x=7. 
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Ex. 19. avrm liaz-2b+4iz=2x+5c to find the 
value of X. 

6c+2b 



4ns. x= 



6a+46-2* 



„ «/^ .^. «^ 3a:- 11 Sx-S 97-.7a; ^ , 
Ex. 20. GtWea 21+— jg— =— q-+ — ^ — ^^^ 

the value of x. 

Ans, x=9. 

(99.) An equation may always be cleared of frac- 
tions by multiplying each member into all the denom- 
inators, according to Art. 97. But sometimes the 
same object may be attained by a less amount of mul- 
tiplicatbn. 

Thus, in the preceding example, the equation may 
be cleared of fractions by multiplying each term by 
16 instead of 16x8x2, and it is important to avoid 
all useless multiplication. In general, it is sufficient 
to multiply by the least common multiple of all the 
denominators. 

A common multiple of two or more numbers is any 
number which they will divide without a remainder ; 
and the least common multiple is the least number 
which they will so divide. Thus 16 is the least com- 
mon multiple of 16, 8, and 2. 

Ex. 21. aiven x+^^=12-^^ to find the 

value of X. 

2a;-4 
The minus sign prefixed to the fraction : — = — 

QussT.-^How may an eqaation be cleared of fractions with the least 
amount of maltiplication T What is a common multiple 7 W hat is the 
least oommon multiple of several numbers f 
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shows that the value of the entire firaotion is to be 
subtracted from 12 ; and sinoe a quotient is subtracted 
by changing its sign, the equation, cleared of fractions, 
will stand 

6a;+9a-15=72-4a;+8, 

which gives x=5 Ans. 

^ ^^ r^' rt 25—4 . 5x+14 1 . ^ , 
Ex.22 aiven3a; ^ 4= — 5 j^ to find 

the value of z. 

Ans. a;=7. 

o 00 n- 17-3g 4a;+2 ^ . ^7x+14 ^ 
Ex.23. Q-iven — g g — =5— 6a;H ^ — to 

find the value of x. 

Ans. x=4. 

X — 2 X 4x — 2 
Ex. 24. Given —g- +2=15 ^ to find the val- 
ue of X. 

Ans. x=8. 

x+5 X — 2 
Ex. 25. Given -^+2=13 ^ to find the val- 

ue of X. 

Ans. a;=ll. 

X iB"~2 X X ' 

Ex. 26. Given = 5 — l-7=o"-7 to find the value 

5 3 4 2 

of 2;. Ans. a;=20. 

X X — 4 X 
Ex. 27. Given = if" "'"2'^^'"'' ^ ^^ ^® value 

of x. 

Ans. 2;= 14. 



Ovist.— What does a minus ngn prefixed to a fractioii show 7 
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2a;— 2 3x— 1 
Ex. 28. Q-iven x itt — I — = — =x+3 to find tho 

value of z. ^ 

Ans. a;=12. 

3a;— 4 4a;— 14 
Ex. 29. Given 2a; ^ — = — « — to ^^ the val- 
ue of X. 

Ans. a;=l55. 

a-i-x b — X 

Ex. 30. G-iven 3a;— a+ca;=— 75 to find the 

3 a 

value of a;. 

4a'-3J 



Ans. x= 



8a+3ac-3* 



(100.) Problems producino Equations of the First 
Degree containino but one Unknown Quantity. 

It has already been observed, Art. 13, that the solu- 
tion of a problem by algebra consista of two distinct 
parts: 

1st. To express the conditions of the problem alge* 
braically ; that is, to form the equation. 

2d. To solve the equation. 

(101.) The second operation has been fully explain- 
ed ; but the first is often more embarrassing to begm- 
ners than the second. Sometimes the statement of a 
problem furnishes the equation directly ; and some- 
times it is necessary to deduce firom the statement 
new conditions, which are to be expressed algebraically. 

It is impossible to give a general rule which will 
enable us to translate every problem into algebraic 

QuitT. — ^The tolation of^an algebraic problem consists of what parts! 
How do wo reduce a pioblem to an equation 7 
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language. The ability to do tliis with fieu)iiity can 
only be acquired by reflecticm and practice. 

(102.) In most cases, however, we may obtain the 
desired equation by applying the following 

BXTLE. 

Denote one of the required quantities by x ; and 
then indicate by means of the algebraic signs the 
same operations on the known and unknoum quanti- 
ties as would be necessary to verify the value of the 
unknown quantity j if it were already known. 

Problem 1. What number is that to the double of 
which, if 20 be added, the sum is equal to four times 
the required number ? 

Let X represent the number required. 

The double of this will be 2x. 

This, increased by 20, should equal 4x. 

Hence, by the conditions, 2x+20=4a;. 

The problem is now translated into algebraic lan- 
guage, and it only remains to solve the equation in 
the usual way. 

Transposmg, we obtam 

20=4a;-2a;=2a;, 
and 10= Xf 

or, x=10. 

To verify this number, we have but to double 10, 
and add 20 to the result; the sum is 40, which is 
equal to four times 10, according to the conditions of 
the problem. 

Prob. 2. What number is that the double of which 
exceeds its half by 9 ? 

'>vsiiT.— Give the rale for forming the equation. 
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Let x= the number required. 
Then, by the conditions, 

z 

Clearing of firaotions, 

4a;— x=18, 
or, 3a;=18. 

Senoe, x=6. 

To verify this result, double 6, which makes 12, and 
diminish it by the half of 6 or 3 ; the result is 9, ac- 
cording to the conditions of the problem. 

Prob. 3. The sum of two numbers is 14, and their 
difference is 4. What are those numbers ? 

Let x= the least number. 

Then a; +4 will be the greater number. 

The sum of these is 2a; +4, which is required to 
equal 14. Hence we have 

2a:+4=14. 

By transposition, 

2a;=14-4=10, 
and x=5, the least number. 

Also, x+4=9, the greater number. 

Verification. 9+5=14 ) according to the condi- 

9—6= 4 ] tions. 

The following is a generalization of the preceding 
oroblem : 

Prob. 4t. The sum of two numbers is a, and their 
differenoe b. What are those numbers ? 

Let X represent the least number. ; 

Then x+b will represent the greater number. 

The sum of these is 2x+bj which is required to 
equal a. Hence we have 

F 
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2x+b=a. 

By transposition, 

2a;=a— ft, 

a — b a b 
or, ^~""2~~2""9' *^® ^^^^ number. 

Hence, ^■'"^~9""o"'"*~o"^o' ^'^^ greater number. 

(103.) As these results are independent of any par- 
ticular value attributed to the letters a and ft, it fol- 
lows that 

Half the difference of two quantities^ added to half 
their sum, is equal to the greater ; and 

Half the difference subtracted from half the sum is 
equal to the less. 

— a b a b 

The expressions ^+^ and ^— ^ are called formulas, 

because they may be regarded as comprehending the 
solution of all questions of the sam^ kind; that is, of 
all problems in which we have given the sum and dif- 
ference of two quantities. 

Thus, let a=14 

ft: 



==14) 

_ I as in the preceding problem. 



,-, a+b 14+4 ^ , 

Inen "^~*~ — 2~~ ' greater number, 

a-ft 14-4 
and Q = — 5 — =5, the less number. 

So, also, we shall find, if 



Quest. — How may two quantitiei be determined from their man and 
difFerence ? What is a formula 7 
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d 

o 

i 

at 



10 
10 
14 
16 
25 
60 
32 
44 



.i9 

o 



.fcl 
I 



6 
4 
6 
2 
5 
10 
8 
6 



1 

OQ 

1 

§ 



8 and 2, 
7 and 3, 

10 and 4, 

9 and 7. 



Pro6. 5. From two towns which are 63 miles dis- 
tant, two travelers set out at the same time with an 
intention of meeting. One of them goes 4 miles, and 
the other 5 miles per hour. In how many hours will 
they meet ? 

Let X represent the required number of hours. 

Then 4z wil>* represent the number of miles one 
traveled, 

and Src the number the other traveled ; 
and since they meet, they must together have traveled 
the whole distance. 

Consequently, 4a;+5a;=63. 
Hence, 9a;=63, 

or, a;=7. 

Proof. In 7 hours, at 4 miles an hour, one would 
travel 28 miles ; the other, at 5 miles an hour, would 
travel 35 miles. The sum of 28 and 35 is 63 miles, 
which is the whole distance. 

The following is a generalization of the preceding 
nroblem. 

Prob. 6. From two points which are a miles apart, 
two bodies move toward each other, the one at the rate 
of m miles per hour, the other at the rate of n mile? 
per hour. In how many hours will they meet ? 
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Let X represent the required number of honrs. 

Then mx will represent the number of miles o 
body moves, 

and nx the miles the other body movesi 
and we shall obviously have 

mx+nx=a. 



Hence, 



x= 



m+n 



This is a general formula, comprehending the sola- 
tion of all problems of this kind. Thus : 

s 



(30 






150 miles. 


90 




135 


ee 


210 




192 




540 





9 § 



6 

8 


1 


15 
' 20 


the 01 


14 
25 

V 





4 
7 
12 
15 
10 
20 





'15hrs 


fs S ^ 


6 " 


per 

leof 

will 




miles 
the tin 
ing 


» 



We see that an infinite number of problems may be 
proposed, all similar to Prob. 5, but they are all solved 
by the formula of Prob. 6. 

Prob, 7. A bookseller sold 10 books at a certain 
price, and afterward 15 more at the same rate. Now 
at the last sale he received 25 dollars more than at the^ 
first. "What did he receive for each book ? ^ 

Ans. Five dollars. 

The following is a generalization of the preceding 
problem. 

Prob, 8. Find a number such that when multiplied 
successively by m and by », the difference of the prod- 
ucts shall be a. 

Let X represent the required number. 

Then, by the conditions of the problem. 
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i?KC— nx=a. 



Hence, 



x= 



a 



m — n 



This formula comprehends the solution of an infi- 
nite number of problems all similar to Prob. 7. Thus : 
d >> 



I 



w fe ® 

•-• a 



12 
9 
15 
11 
25 



O 



8 

6 

9 

5 

14 



« S 



28 

45 

66 

120 

132 



2 S 



7 
15 



Pro6. 9. A gentleman dyin^ bequeathed $900 to 
three servants. A was to have twice as much as B, 
and B three times as much as C. What were their 
respective shares ? f / 

Ans. A received $540, B $270, and C $90. 

The following is a generalization of the preceding 
problem. 

Prob. 10. Divide the number a into three such 
parts that the second may be m times as great as the 
first, and the third n times as great as the second. '^ 

a . ma mnu 

' 1+m+mn^ 1-hm+mn^ 1+m+mn 

Prob. 11. Four merchants entered into a specula 
tion, for which they subscribed $9510, of which B 
paid three times as much as A, C paid as much as A 
and B, and D paid as much as C and B. What did 
each pay ? 

Let x=^ the number of dollars A paid. 

Then we shall have 

a;+3a;+4a;+7x=9510 ; 
whence a;=634 dollars A paid ; 
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B paid 1902 dollars ; 
C paid 2536 « 
and 1? paid 4438 " 

Prob, 12. A draper bought three pieces of doth, 
which together measured 111 yards. The second 
piece was 11 yards longer than the first, and the third 
17 yards longer than the second. What was the length 
of each ? 

Ans. 24, 35, and 52 yards respectively. 

Proh. 13. A hogshead' which held 92 gallons was 
filled with a mixture of brandy, wine, and water. 
There were 10 gallons of wine more than there were 
of brandy, and as much water as both wine and bran« 
dy . "What quantity was there of each ? 

Ans. Brandy 18 gallons, wine 28 gallons, and water 
46 gaUons. 

The following is a generalization of the preceding 
problem. 

Prob. 14. Divide the number a into three such 

parts that the second shall exceed the first by m, and 

the third shall be equal to the sum of the first and 

second. 

a— 2w a+2m a 
-^^^' 4 ' 4 > 2' 

£rob. 15. A farmer employed four workmen, to the 
first of whom he gave 2 shillings more than to the sec- 
ond, to the second 3 shillings more than to the third, 
and to the third 4 shillings more than to the fourth. 
Their wages amounted to 32 shillings. What did 
each receive ? 

Jins. They received 12, 10, 7, and 3 shillings re- 
spectively. 
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Prob. 16. A father divided a certain sum of money 
among his four sons. The third had 11 shillings more 
than the fourth, the second 16 shillings more than tiie 
ihird, and the eldest 19 shillings more than the sea 
ond ; and the whole sum was 16 shillings more thau 
6 times the sum which the youngest received. Hov*' 
much had each ? 

Ans. 34, 45, 61, and 80 shillings respectively. 

(104.) Problems which involve several unknown 
quantities may often be solved by the use of a single 
unknown letter. Most of the preceding examples are 
of this kind. Int general, when we have given the 
sum or difference of two quantities, both of them may 
be expressed by means of the same letter. For the 
difference of two quantities added to the less must be 
equal to the greater ; and if one of two quantities be 
subtracted from their sum, the remainder will be equal 
to the other. 

Prob, 17. At a certain election 25,000 votes were 
polled, and the candidate chosen wanted but 2000 of 
having twice as many votes as his oppoipient. How 
many voted for each ? 

Let a;= the number of votes for the unsuccessful 
candidate. 

Then 25,000— a;= the number the successful one 
had, 
and 25,000-a;+2000=2a;. 

Ans. 9000 and 16,000. 

The following is a generalization of the preceding 
problem. 

Quest.— When we have given the sam and difference of two quaii 
titiet, how may each of them be expressed 7 
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Prob. 18. Divide the number a into two snoh jiartii 
that one part increased by b shall be equal to m times 
the other part 

ff+ft tna — b 

Prob. 19. A train of cars moving at the rate of 20 
miles per hour, had been gone three hours when a 
second train followed at the rate of 25 miles per 
hour. In what time will the second train overtake 
the first ? 

Let 0;= the number of hours the second train is in 
motion, 
and a;+3= the time of the first train. 

Then 25a;= the number of miles traveled by the sec- 
ond train, 

and 20(a;+3)= the miles traveled by the first train. 
But at the time of meeting they must both have trav- 
eled the same distance. 

Therefore, 25a;=20a;+60. 

By transposition, 

5a;=60, 
and a;=12. 

Proof, In 12 hours, at 25 miles per hour, the sec- 
ond train goes 300 miles, and in 15 hours, at 20 miles 
per hour, the first train also goes 300 miles ; that is, 
it is overtaken by the second train. 

The following is a generalization of the preceding 
problem. 

Prob. 20. Two bodies move in the same direction 
from two places at a distance of a miles apart, the 
one at the rate of n miles per hour, the other pursuing 
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mi the rate of m miles per hour. When will they 
meet^ 

a 
Ans. In hours. 

This problem, it will be seen, is essentially the same 
as Prob. 8. 

Prob. 21. A vintner fills a cask containing 86 gal-- 
Ions with a mixture of brandy, wine,* and water. 
There are 18 gallons of water more than of brandy, 
and 14 more of wine than of water. How many are 
there of each ? 

Ans. 12 gallons of brandy, 
30 gallons of water, 
44 gallons of wine. 
Prob. 22. A gentleman gave 34 shillings to two 
poor persons ; but he gave 4 shillings more to one than 
to the other. What did he give to each ? 

Ans. 15 and 19 shillings. 
Prob. 23. What two numbers are those whose sum 
is 66 and difference 18 ? 

Ans. 24 and 42. 
Prob. 24. Two persons began to play with equal 
sums of money. The first lost 20 shillings, the other 
won 28 shillings ; and then the second had twice as 
many shillings as the first What sum had each at 
first? Ans. 68 shillings. 

Prob. 25. A farmer has two flocks of sheep, each 
containing the same number. From one of them he 
sells 24, and firom the other 129, and finds just twice 
as many remaining in one as in the other. How manv 
did each flook originally contain ? 

Ans. 234. 
F2 
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Prob. 26. Divide the number 181 into two such 
parts that four times the greater may exceed five times 
the less by 49. 

Ans. 75 and 106. 

Prob. 27. Divide ilie number a into two suoh parts 
that m times the greater may exceed n times the less 
by*. 

tna — b nd+b 

Prob, 28. A prize of 2125 dollars was divided be- 
tween two persons, A and B, whose shares were in the 
ratio of 5 to 12. What was the share of each ? 

Ans. 

(105.) Beginners uniformly put x to represent one 
of the quantities sought in a problem ; but a solution 
may often be very much simplified by pursuing a dif- 
ferent method. Thus, in the preceding problem we 
may put x to represent one fifth of A's share. Then 
5x will be A's share, and 12a; will be B's, and we shall 
have the equation 

5rr+12a;=2125, 
and a;=125; 

consequently, their shares were 625 and 1500 dollars. 
The following is a generalization of the preceding 
problem. 

Prob. 29. Divide the number a into two such part'^ 
that the first part may be to the second as m to n. 

tna na 

Prob. 30. Divide the number 73 into two such pprts 

QusAT.— Is it always best to repraient the reqaired quantity by * f 
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%}iat the difference between the greater and 77- may 
^qual three times the difference between the less and 

Ans. 29 and 44. 

Prob. 31. What number is that whose third part 
exceeds its fourth part by 15 ? 

Let 12a;= the number. 
Then 4a;-3a;=15, 

or, a; =15. 

Therefore the number =12x15=180. 

The following is a generalization of the preceding 
problem. 

Prob. 32. Find a number such that when it is di- 
vided successively by m and by w, the difference of the 
quotients shall be a. 

. mna 

Ans. . 

n — m 

Prob. 33. What two numbers are as 2 to 3, to each 
of which, if four be added, the sums will be as 5 to 7 ? 

Let 2x and 2x represent the required numbers. 
Then 2x+4 : 3a;+4 : : 5 : 7. 

But when four quantities are proportional, the pto^ 
duct of the extremes is equal to the product of the 
means. Hence 

14a;+28=15a;+20. 

Therefore, a;=8. 

And the required numbers are 16 and 24. 

Prob. 34. A sum of money is to be divided between 
two persons, A and B, so that as often as A receives 
9 pounds, B takes 4. Now it happens tkat A receyres 

QuitT.— How mmj a propottioii be reduced to au equatiun T 
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20 pounds more than B. What are their respectiye 
shares ? 

Ans. A receives 36 pounds and B 16 pounds. 

Prob. 35. A merchant bought two casks of beer, 
one of which held exactly three times as much as the 
other. From ekoh of these he drew four gallons, and 
then found that there were four times as many gal- 
lons remaining in the larger as in the other. How 
many were there in each at first ? 

Ans. 36 and 12 gallons respectively 

Prob. 36. A gentleman divides two dollars among 
12 children, giving to some 18 cents each, and to tbe 
rest 14 cents. How many were there of each class ? 
Ans. 8 of the first class and 4 of the second* 

Prob. 37. A fish was caught whose tail weighed 9 
pounds. His head weighed as much as his tail and 
half his body, and his body weighed as much as his 
head and tail. What did the fish weigh ? 

Ans. 72 pounds. 

Prob. 38. If the sun moves every day one degree, 
and the moon thirteen, and the sun is now 60 degrees 
in advance of the moon, when will they be in conjunc- 
tion for the first time, second time, and so on ? 

Ans. In 5 days, 35 days, 65 days, etc. 

Prob. 39. Divide the number 15 into two such parts 
that the difference of their squares may be 45. 

Ans. 9 and 6. 

The following is a generalization of the preceding 
problem. 

Prob. 40. Divide the number a into two such parts 
that the difference of their squares may be b. 
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Prob. 41. The estate of a bankrupt, valued at 21,000 
dollars, is to be divided among three creditors accord- 
ing to their respective claims. The debts due to A 
and B are as 2 to 3, while B's claims and C's are ip 
the ratio of 4 to 5. What sum must each receive ? 

Ans. A receives 4800 dollars ; 
B receives 7200 dollars ; 
receives 9000 dollars. 

Prob. 42. A grocer has two kinds of tea, one worth 
72 cents per pound, the other 40 cents. How many 
pounds of each must be taken to form a chest of 48 
pounds which shall be worth 60 cents ? 

Ans. 30 pounds at 72 cents, and 18 pounds at 40 
cents. 

Prob. 43. A can perform a piece of work in 6 days, 
B can perform the same work in 8 days, and C can 
perform the same work in 24 days. In what time wiU 
they finish it if all work together ? 

Ans. 3 days. 

Prob. 44. There are three workmen, A, B, and C. 
A and B together can perform a piece of work in 27 
days, A and C together in 36 days, and B and C to- 
gether in 54 days. In what time could they finish it 
if all worked together? 

A and B together can perform y\ of the work in 

one day ; 
A and C together can perform ^V ^^ ^® work in 

one day ; 
B and C together can perform ^V ^^ ^^ work in 

one day. 

Therefore, adding these three quantities, 
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2A +2B+2C can perfonn Vt+iV+tV ^ ^^^ ^7* 

= y'j in one day. 

Therefore, A, B, ani C together can perform -^^ of 
the work in one day ; that is, they can finish it in 24 
days. If we put x to represent the time in which tiiey 
would all finish it, then they would together perform 

- part of the work in one day, and we should have 

1 1 JL-? 
27"'"36"'"54""a;* 

From which equation we find a:=24, Ans. 

Prob. 45. Divide the number 45 into four such 
parts that the first increased by 2, the second dimin- 
ished by 2, the third multiplied by 2, and the fourth 
divided by 2, shall all be equal. 

In solving examples of this kind, several unknown 
quantities are usually introduced, but this practice is 
worse than superfluous. The four parts into which 
*45 is to be divided may be represented thus : 

The first, = x-2 ; 

second, = x+2; 

third, = g; 

fourth, =2a;; 

for if the first expression be increased by 2, the second 
diminished by 2, the third multiplied by 2, and the 
fourth divided by 2, the result in each case will be x. 
The sum of the four parts is 4^rr, which must equal 45 
Hence, a;=»10. 

Therefore, the parts are 8, 12, 5, and 20. 

Prob. 46. A father, aged 54 years, has a sdh aged 
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9 years. In how many years will the age of the father 

be four times that of the son ? 

Ans, 6 years. 

Prob. 47. The age of a father is represented by a, 

the age of his son by b. In how many years will the 

age of the father be n times that of the son ? 

. a-'fib 
Ans. — --T- years. 

Prob. 48. It is required to divide the number 36 
into three such parts that one half of the first, one 
third of the seoond, and one fourth of the third may 
be equal to each other. 

An^. 8, 12, and 16. 
Prob. 49. Divide the number 50 into two such 
parts that the greater increased by 5, may be to the 
less diminished by 5, as 7 to 3. 

Ans. 30 and 20. 

_____ • 

Prob. 50. What number is that to which, if 1, 4, 
and 10 be severally added, the first sum shall be to;, 
die second as the second to the third ? 

Ans. 2. 



t 





SECTION vm. 

EQUATIONS OF THE FIRST DEGREE CONTAININO TWO Ul* 

KNOWN QUANTITIES. 

(106.) In the examples which have been hitherto 
given, each problem has contained but one unknown 
quantity ; or, if there have been more, they have been 
so related to each other, that all have been expressed 
by means of the same letter. This, however, can not 
always be done, and we are now to consider how equa- 
tions of this kind are resolved. 

(107.) If we have two equations with two unknown 
quantities, we must endeavor to deduce from them a 
single equation containing only one unknown quanti- 
ty. We must, therefore, make one of the unknown 
quantities disappear; or, as it is termed, we must 
eliminate it. There are three different methods of 
elimination which may be practiced. 

The first is by substitution ; 
" second is by comparison ; 
" third is by addition and subtraction. 

(108.) Elimination by Substitution. 

Ex. 1. Let it be proposed to solve the system of 
^equations 

. Quest. — When we have two equations with two unknown qnanti- 
ties, how must we proceed ? What is meant by eliminatiou T How 
many methods of elimination are practiced f 



EQUATIONS WITH TWO UNKNOWN QUANTITIES. 135 

a;— y= 6. 

From the second equation we find the value of a; in 
terms of y, which gives 

x=y-\-6. 

Substituting the expression p+6 for x in the first 
equation, it becomes 

from which we find that y=3 ; and since we have al- 
ready seen that x=p+6, we find that a;=3+6=9. 

To verify these values, substitute them for x and y 
in the original equations, and we shall obtain 

9+3=12, 
9-3= 6. 
Ex. 2. Again : take the equations 

2a;+3y=13 
5x+4t/=22. 
From the first equation we find 

13-2a; 

Substituting this value of ^ in the second equation, 

it becomes 

^ . ^ 13-2rr ^^ 
5x+4tX g =22, 

an equation containing oni> x, which, when solved, 
gives 

x=2; 
and this value of Xj substituted in either of the origi- 
nal equations, gives 

y=3. 
(109.) The method thus exemplified is expressed 
in the following 
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Rule. 

Find an expression for the value of one of the un- 
known quantities in either of the equations ; then sub- 
stitute this value in the place of its equal in the other 
equation. 

Ex. 3. Find the values of x and p in the equations 
3rr+y=13 and 2a;-y=2. 

Ans. a;=3, y=4. 
Ex. 4. Find the values of x and p in the equations 
3a;-2y=ll, and 2rr+5y=39. 

Ans. x=lj p=5. 
Ex. 5. Find the values of x and p in the equatioms 
2a;+7y=65, and 6a;-2y=^34. 

Ans. a;=8, y=7. 
Ex. 6. Find the values of x and p in the equations 
4a;+6y=84, and 8x-3p=18. 

Ans. a?=6, y=10. 
Ex. 7. Find the values of x and p in the equations 
5x—9p=14j and 8a;— 6y=56. 

ilw5. a;=10, y=4. 
Ex. 8. Find the values of x and p in the equations 
7a;-15y=75, and 10a;+3y=156. 

ilw5. a;=J.5, y=2. 
Ex. 9. Find the values of x and p in the equations 
8a;+72^=208, and 5a;+6y=166. 

il»5. a;=12, y=16. 
Ex. 10. Find the values of x and ^ in the equations 
10a;+8y=202, and 9rr-4y=26. 

il»5. a;=9, y=14. 
Ex. 11. A market-woman sold to one boy 4 apples 

Quest. — Give the rale for elimination by substitation. 
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and 3 pears for 17 cents, aiid to another 7 apples and 
5 pears for 29 cents. She sold them in each case at 
the same rate. What was the price of each ? 

Ans. The apples 2, and the pears 3 cents each. 

Ex. 12. There are two brothets, A and B. If twice 
A.'s age be added to three times B's age, the sum will 
be 64 ; but if twice B's age be subtracted from five 
times A's age, the remainder will be 40. What are 
their ages ? 

Ans. A is 12 years and B 10 years. 

Ex. 13. Two farmers, A and B, driving tiieir sheep 
to market, says A to B, if you will give me half of 
your sheep, I shall have 75. Says B to A, if you will 
give me one third of your sheep, I shall have 75. How 
many had each ? 

Ans. A had 45 and B had 60. 

Ex. 14. A grocer had two kinds of wine, marked A 
and B. He mixed together 3 gallons of A and 2 gal- 
lons of B, and sold the mixture at $1.35 per gallon. 
He also mixed 4 gallons of A and 6 of B, and sold the 
mixture at $1.40 per gallon. What was the value of 
each kind of wine ? 

Ans. A was worth $1.25 per gallon. 
B was worth $1.50 per gallon. 

Ex. 15. Find two nujnbers such that their sum shall 
be 42, and the greater shall be equal to five times the 
ess. Ans. 7 and 35. 

(llO.) ELIMINATION BY COMPARISON. 

Ex. 1. To illustrate tiliis method, take the equatioiiji 

a;+y=12, 
«— y= 6. 
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Derive from each equation an expression for x in 
terms of y, and we shall have 

x= 6+p. 

These two values of x must be equal to each other, 
and, by comparing them, we objaXL obtain 

12-y=6+y, 

an equation involving only one unknown quantity ; 
whenoe we obtain 

y=3. 

Substituting this value of ^ in the expression x=6 
+y, and we find x=9. 

Ex. 2. Again : take the equations 

2a;+3y=13, 
5rr+4y=22. 

From equation first we find 

13-2a; 

and from equation second, 

22-5a; 

Putting these values of y equal to each other, we 
have 

13~2a; _ 22~5a; 
3 " 4 ' 
an equation containing only x ; whence, by clearing of 
fractions and transposing, we obtain 

x=2. 
Substituting this value of a; in either of the preced- 
ing expressions for ^, we find 

y=3. 
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( 111.) The method thus exemplified is expressed in 
the following 

Rule. 

Find an iiocpression for the value of the same un- 
known quantity in each of the equations j and form a 
new equation by putting one of these values equal to 
the other. 

Ex. 3. Find the values of x and p in the equations 
2a;+3y=22, and |-|==3. 

Ans. x=8, y=2. 
Ex. 4. Find the values of x and p in the equation^^ 
3a;+y=14, and 5a;— y=10. 

Ans. x=3f y=5. 
Ex. 5. Find the values of x and p in the equations 

y 

6a;+2y=43, and x— 1=5. 

Ans. x=7, y=4. 
Ex. 6. Find the values of rr and j^ in the equations 

4a;+^=61, and •^+p—13. 

Ans. x=ij y=7. 
Ex. 7. Find the values of x and p in the equations 

4a;-2y=12, and ~?=2. 

Ans. re =8, y=10. 
Ex. 8. Find the values of x and p in the equations 
6x— 9y=33, and Sx— y=47. 

Ans. a;=10, y=3. 

QvBtT.— Qmlba mla far eKmination by eomparuon. 
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Ex. 9. Find the values of x and*^ in the equations 

&c-3y=36, and |+|=6. 

Ans. x=9, y=12. 
Ex. 10. Find the values of x and y in the equations 

X V 

7x— 4y=78, and c+o^''- 

Ans. rB=16, y=8. 

Ex. 11. A boy bought 3 apples and 5 oranges for 
26 cents ; he afterward bought, at the same rate, 4 
apples and 7 oranges for 36 cents. How much were 
the apples and oranges apiece ? 

Ans. The apples were 2 cents and the oranges 4 
cents. 

Ex. 12. A market-woman sells to one person 6 
quinces and 4 melons for 72 cents ; and to another, 4 
quinces and 2 melons, at the same rate, for 40 cents. 
How much are the quinces and melons apiece ? 

Ans. The quinces are 4 cents and the melons 19- 
cents apiece. 

Ex. 13. In the market I find I can buy 4 bushels 
of barley and 3 bushels of oats for $2 ; andj at the 
same price, 8 bushels of barley and 1 bushel of oats 
for $3. What is the price of each per bushel ? 

Ans. The barley is 35 cents and the oats 20 cents. 

Ex. 14. Six yards of broadcloth and ten yards of 
taffeta cost $56 ; and, at the same rate, eight yards 
of broadcloth and 12 yards of taffeta cost $72. "What 
•s the price of a yard of each ? 

Ans. The broadcloth cost $6 and the taffeta $2. 

Ex. 15. A person expends one dollar in apples and 
pears, buying his apples at 2 for a cent knd his pears 
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at 2 cents a piece ; afterw^ard he accommodates his 
neighbor with ^ of his apples and ^ of his pears for 38 
cents. How many of each did he buy ? 

Ans. 56 apples and 36 pears. 

(112.) Elimination by Addition and Subtraction. 

Ex. 1. To illustrate this method, take the two equa* 
tions 

2;+y=12, 

x—p= 6. 

Since the coefficients of ^ in the two equations are 

equal, and have contrary signs, we may eliminate this 

letter by adding the two equations together, whence 

we obtain 

2x=18, 
or rB= 9. 

We may now deduce the value of y by substituting 
the value of a; in one of the original equations. Sub* 
stituting in the first equation, we have 

9+y=12, 
whence ^== 3. 

Since the coefficients of x are equal in the two orig- 
inal equations, we might have eliminated this letter 
by subtracting 'one equation from the other. Sub* 
traoting the second from the first, we obtain 

2y=6, 
cif y=3. 

Ex. 2. Again : let us take the equations 

2a;+3y=13, 
5x+4y=22. 
We perceive that if we could deduce from the pro. 
posed equations two other equations in Which the co 
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efficients of y should be equal, the elimination of y 
might be effected by subtracting one of these new 
equations from Ihe other. 

It is easily soon that wo shall obtain two equations 
of the form reqnirod if we multiply all the terms of 
each equation by the coefficient of ^ in tho other. 
Multiplying, therefore, all the terms of equation first 
by 4, and all tho terms of equation second by 3, they 

becomo 

SXr\A2y^52, 
15aH-12y-66. 
Subtractm^ the former of these equations from the 
latter, we find 

lx=^ 14, 
whence x^ 2. 

In like manner, in order to ciiminate %^ multiply 
the first of the proposed equations by O9 and the sec- 
ond by 2 ; they will become 

10x+16y=65, 
10x+ 8y=44. • 

Subtracting the latter of these two equations troir 
the former, we have 

7y=21, 
whence y= 3. 

(113.) This last method is expressed in the follow 
ing 

Rule. 

1. Multiply or divide the equations^ if necessary^ 
in such a manner that one of the unknown quantities 
shall have the same coefficient in both. 

QvitT.— Oiv» th« rol« for •liminatioii bj additioa nd tobtnietkm. 



/ 
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2. If the signs of the coefficients are the same in 
both equations^ subtract one equation from the other; 
but J if the signs are unlike^ add them together, 

Ex. 3. Find the values of x^and y in the equations 
ac+4y=59, and 5a;+7y=102. 

Ans. x=5f and p=ll. 

Ex. 4. Find the values of x and p in the equations 

1+1=10, and 1+1=11. 

Ans. :e=12, eoid p=30. 
Ex. 5. Find the values of x and p in the equations 

g+y=16, and x+|=12. 

Ans. a;=10, p=lA, 
Ex. 6. Find the values of x and p in the equations 

f +j=7, and 3a;-|=44. 

Ans. a;=16, y=20. 

Ex. 7. Find the values of x and p in the equations 

35 y x p 

g-g=5, and 7+2=7. 

-4w*. x=14, ^=10. 
Ex. 8. Find the values of x and p in the equations 

a;+|=21, and |+5y=52. 

iln5. a;=16, y=10. 
Ex. 9. Find the values of a? and p in the equation 



5> 
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g+^=4, and ^+1=13. 

Ans. a;=12, y=20. 
Ex. 10. Find the values of x and ^ in the equation> 

a 
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|+3y=56, and |-|=2. 

Ans. a;=10, y=18. 
Ex> 11. My shoemaker sends me a bill of $9 for 1 
pair of boots and 2 pair of shoes. Some months after* 
wvard he sends me a bill of $16 for 2 pair of boots 
and 3 pair of shoes. What are the boots and shoes a 
pair? 

Ans, The boots are $5 and the shoes $3. 

Ex. 12. A gentleman employs 6 men and 4 boys to 
labor one day, and pays them $7 ; the next day he 
hires, at the same wages, 8 men and 6 boys, and pays 
them $11. What are the daily wages of eaoh? 

Ans, The men have one dollar and the boys 50 
oents. 

LiJi. 13. . A vintnor sold at one time 15 bottles of 
port and 10 bottles of sherry, and for the whole re- 
ceived $30. At another time he sold 12 bottles of port 
and IB^bottles of sherry, at the same prices as before, 
and for the whole received $39. What was the price 
of a bottle of each sort of wine ? 

Ans. The port was $1 and the sherry $1.60. 

Ex. 14. A gentleman has two horses and one chaise. 
The first horse is worth $120. If the first horse be 
harnessed to the chaise, they will together be worth 
twice as much as the second horse. But if the sec- 
ond be harnessed, the horse and chaise will be worth 
three times the value of the first. What is the value 
of the second horse and of the chaise ? 

Ans. The second horse is worth $160 and the chaise 
$200. 

Bx. 15. A farmer bought a quantity of rye and 
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wheat for $18, the rye at 75 cents and the wheat at $1 
per bushel. He afterward sold \ of his rye and ^ of 
his wheat, at the same rate, for $5. How many bush- 
els were tiiere of eadi ? 

Ans. 8 bushels of rye and 12 bushels of wheat. 

(114.) The same example may be solved by either 
of the preceding methods, and each method has its 
advantages in particular cases. G-enerally, however, 
the first two methods give rise to fractional expres- 
flkms which occasion inconvenience in practice, while 
the third method is not liable to this objection. When 
the coefficient of one of the unknown quantities in one 
of the equations is equal to unity, this inconvenience 
does not occur, and tilie method by substitution may 
be preferable ; the third will, however, commonly be 
found most convenient. The following examples may 
be solved by either of these methods. 

Ex. 1. Given 5a;+4y=68, and 3a;+7y=73, to find 

the values of x and y. 

. Ans. x=8, and y=7. 

Ex.2. Given lla;+3y=100,*and4a;-7y=4, to find 

the values of x and y. 

Ans. a;=8, y=4. 

X ff X fi 

Ex. 3. Given o+q~''' ^^^ ^"'"2^®' ^ ^^ *^® 
values of x and y. Ans. a;=6, y=12. 

Ex. 4. Given ^+8y=31, and ?^+10a;=192, 

to find the values of x and y. 

Ans. a;=19, y=3. 

Quest. — May the same exsmple be solved by either method f 
Which method la to be preferred 7 
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Ex. 5. Given ^+-^=26, and ~?=8, to find the 

7 3 o 4 

values of x and y. 

Ans, a;=70, y=24. 

Ex. 6. It is required to find two numbers such that 

if half the first be added to the second, the sum will 

be 34, and if one third of the second be added to the 

first, the sum will be 28. 

Ans. The numbers are 20 and 24. 

Ex. 7. It is required to find two numbers such that 

their sum shall be 49, and the greater shall be equal 

to six times the less. 

Ans, 7 and 42, 

Ex. 8. The sum of two numbers is 33, and if 6 

times the less be taken from 3 times the greater, the 

remainder will be 35. What are the numbers ? 

Ans. 8 and 25. 

Ex. 9. The mast of a ship consists of two parts ; 

one sixth of the lower part, added to one half of the 

upper part, is equal to 35 feet; and 3 times the lower 

part, diminished by 6 times the upper part, is equal 

to 30 feet. What is the height of the mast ? 

Ans. 130 feet. 

Ex. 10. Two persons, A and B, talking of their 

money, says A to B, give me one third of your money, 

and I shall have 110 dollars. Says B to A, give me 

one fourth of your money, and I shall have 110 dollars. 

How much had each ? 

Ans. A had 80 dollars and B 90 dollars. 



SECTION II. 

EQUATIONS OF THE FIRST DEGREE CONTAININO THREE OR 

MORE UNKNOWN QUANTITIES. 

(115.) In the preoeding examples of two unknown 
qnantities, the conditions of each problem have fur- 
nished two equations independent of each other. In 
like manner, if a problem involve three or more un- 
known quantities, it must furnish as many indepen- 
dent equations as there are unknown quantities. 

Ex. 1. Take the system of equations 

x+ y+z== 9, (1.) 
2x+3p+z-17, (2.) 
6x+5p+z=31. (3.) 

In order to eliminate z, let us subtract equation (1) 
from equation (2) ; we thus obtain 

x+2p=8. (4.) 

Also, subtracting equation (2) from equation (3), 
we obtain 

4i;+2y=14. (5.) 

We have now obtained two equations (4) and (5) 
containing but two unknown quantities, and we may 
proceed as in Section YIII. Subtracting equation (4) 
from equation (5), we find 

QoEtT. — ^When a problem involvet three or more UDknown qoanti* 
ties, how many eqoatioDs must it fonuBh f 
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3a;=6, 
or x=2. 

Substituting this value of re in equation (4), we ob- - 
tain 

y=3. 

Substituting these values of z and y in equation . 
(1), we obtain 

2+3+3r=9, 
whence z=4. 

These values of a;, y, and z may be verified by sub- 
stitution in the original equations. 

(116.) We have effected the elimination in this oas^ 
by method third, Art. 113 ; but either of the other 
methods might have been employed. Henoe, to solve 
three equations containing three unknown quantities, 
we have the following 

Rule. 

Eliminate one of the unknown quantities so as to 
obtain two equations containing only two unknown 
quantities ; then from these two equations deduce an- 
other containing only one unknown quantity. 

Ex. 2. Given x+ y+z=llj ^ 

4a:+2y+2r=21, [ to find a;, y, and z, 
10a;+5y+2r=45, ) 

Ans. aj=2, y=4, ar—S. 
Ex. 3, Given x+3y+5z= 56, ^ 

2x+4y+7z= 79, > to find a;, y, and ar. 
3x+6y+92r=108, ) 

- Ans. x=2j y=6, ar=7. 

QuxsT. — GKve the rule for ■olying three eqaations with three nn- 
Imown quantities. 
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Ex. 4. Given 2x+2p+5z= 61j \ 

x+4:i/+7z= 66, > to find re, y, and ar. 
.ac+6y+8;^=104, ) 

Ans. x=10j y=7, 3r=4. 

Ex. 5. G-iven 2z+6y+5z= 93, \ 

4x+3p+8z= 96, > to find re, ^, and ar. 

6a;+4y+93r=116, ) 

Ans. a;=7, y=9, z=5. 
Ex. 6. Given x+ y+ z=29, (1.) ) ^ find a; v 

ix+y+iz=10, (3.) ) "''^ *• 

Subtracting equation (1) from (2), we obtain 

p+2z=33. (4.) 

Clearing equation (3) of frtictions, we have 

6a;+4y+35r=120. (6.) 

Multiplying equation (1) by 6, we obtain 

6a;+6y+6z=174. (6.) 

Subtracting (5) from (6), we have 

2y+32r=54. (7.) 

We have thus obtained two equations, (4) and (7), 
containing only two unknown quantities. 
Multiplying equation (4) by 2, we have 

2y+4z=66. (8.) 

Subtracting (7) from (8), we have 

z=12. 
Substituting this value of 2r in equation (7), we obtain 

3y+36=54, 
whence y=9. 

Substituting these values of y and z in equation (1), 
we find a;+9+12=29 

whence a;=8. 
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These values may be verified as in fonner exam* 
pies. 

Ex. 7. Given 2z+4f/-3z=22, ^ 

4x—2p+5z=18, > to find Xj y, and z. 
6x+7p- 2r=63, ) 

Ans. x=Sy ^=7, jr=4. 

Ex, 8. G-iven x+ y+25r=34, ^ 

2a;+ y— 2r=45, > to find Xy y, and z. 
x-2y+ 5r= 7, ) 

iln5. x=20, y=8, 3r=3. 

Ex. 9. Given x+2y-3z=13y 1 

3a;+ y+4z=51y > to find a;, y, and z. 
ix+lp+iz= 7, ) 

il«5. a;=9, y=8, jr=4. 

Ex. 10. Given x+iy+lz=32y \ 

^x+iy+iz=15, > to find re, y, and z. 
ix+iy+iz=^12y ) 

Ans. x=12, y=20, z=ZO. 

Ex. 11. A market-woman sold to one boy 5 apples, 

9 pears, and 10 peaches for 53 cents ; and to another, 
12 apples, 4 pears, and 6 peaches for 38 cents ; and to 
a third, 8 apples, 11 pears, and 12 peaches for 66 cents. 
She sold them each time at the same rate. What was 
the price of each? 

Ans. An apple, 1 cent ; 
a pear, 2 cents ; 
a peach, 3 cents. 

Ex. 12. A market-woman sold at one time 12 eggs, 

10 apples, and a pie for 35 cents ; at another time, 10 
eggs, 16 apples, and 2 pies for 40 cents ; and at a third 
time, 18 eggs, 12 apples, and 4 pies for 66 cents. She 
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(fold these articles each time at the same rate. What 
was the price of each? 

Am. An egg, 2 cents ; 
an apple, ^ cent ; 
a pie, 6 cents. 
Ex. 13. A grocer had three kinds of wine, marked 
A, B, and C. He mixed together 10 gallons of A, 4 
gallons of B, and 2 gallons of C, and sold the mixture 
at $1.30 per gallon. He also mixed together 8 gallons 
of A, 4 of B, and 4 of C, and sold the mixture at $1.35 
per galloiiL At another time he mixed 3 gallons of A, 
2 gallons of B, and 11 gallons of C, and sold the mix- 
ture at $1.50 per gallon. What was the value of eac^ 
kind of wine? 

Ans. A was worth $1.20 per gallon ; 
B was worth 1.40 " 
C was worth 1.60 " 

Ex. 14. The sum of the distances which three per* 
sons. A, B, and C, have traveled, is 300 miles. A's 
distance added to C's is equal to twice B's ; and three 
times A's added to twice B's, is equal to seven times 
C's. What are their respective distances ? 

Ans. A's is 120 miles ; 
B's is 100 miles ; 
C's is 80 miles. 
Ex. 15. Three persons, A, B, and C, talking of their 
money, says A to B, give me half of your money, and 
I shall have $100 ; says B to C, give me one third of 
your money, and I shall have $100 ; says C to A, give 
me one foturth of your money, and I shall have $100. 
How mach money had each ? 

Am. A had $64, B had $72, and C had $84. 



N 
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(117.) If we had four equations oontaining four 
iinknowu quantities, we might, by the metiiods abready 
explained, eliminate one of the unknown quantities. 
We should thus obtain three equations between three 
unknown quantities, whioh might be solved according 
to Art. 116. We might proceed in a similar manner 
if we \aAfive equations, or even a greater niimber. 

Either of the unknown quantities may be selected 
as the one to be first exterminated. It is, however, 
generally best to begin with that whioh has the small- 
est coefficients ; and if eadi of the unknown quantities 
is not contained in all the proposed equations, it is gen- 
erally best to begin with that which is found in the 
least number of equations. 

Ex, 16. Given a;+ y+ 2r+ «^=14, \ 

2x+ y+ z— u= 6, 
2a;+3^-- z+ m=14, 
ic- y+32r+4w=31, J 

Ans. a;=2, ^=3, 2r=4, u=5. 
Ex. 17. Given x+ y+2z=22, ] 

2x+3u=33, I to find a;, ^,3r, and 
3y+45r=43, I u. 

Ans. x=3, y=5, ar=7, «=9. 
Ex. 18. A market-woman sold at one time 6 eggs, 
10 apples, and a pie for 19 cents ; at another time, 10 
eggs, 24 apples, and 2 pies for 37 cents ; at a third 
time, 12 eggs, 18 apples, and 14 pears for 41 cents ; 
and at a fourth time, 12 apples, 6 pies, and 18 f^ars 
for 64 cents/ She sold each article constantly at the 

QuxsT. — How do we proceed with four unknown qnantitieB ? 
Which of the unknown quiintUies should be first exterminated f 



to find a;, ^, 
Zy and u. 
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same price as at first. What was the price of each 
article ? 

Ans. An egg, 1^ oents ; 
an apple, ^ cent, 
a pie, 5 oents ; 
a pear, 1 oent. 
Ex. 19. A grocer had four. kinds of wine, marked 
A, B, C, and D. He mixed together 2 gallons of A, 
14 gallons of B, and 4 gallons of C, and sold the mix- 
ture at $1.42 per gallon. He also mixed together 10 
gallons of A, 5 gallons of C, and 5 gallons of D, and 
sold the mixture at $1.45 per gallon. At another time 
he mixed 10 gallons of B, 4 gallons of C, and 2 gal- 
lons of D, and sold the mixture at $1.50 per gaUpn., 
At another time he mixed together 6 gallons of A and 
12 of D, and sold the mixture at $1.60 per gallon. 
What was the value of each kind of wine ? 

Ans. A was worth $1.20 per gallon : 
B was worth 1.40 <* 
C was worth 1.60 " 
D was worth 1.80 <* 
Ex. 20. It is required to find four numbers such 
that the sum of the first three shall be 30 ; the sum of 
the first, second, and fourth shall be^ 33 ; the sum of 
the first, third, and fourth shall be 35 ; and the sum 
of the last three shall be 37. 

Ans. 8, 10, 12, and 15. 



SECTION X. 

, nrVOLOTION AND POWERS. 

(118.) jKvohvnov is the process of raising a qoau- 
tity to any pressed power. 

The products formed by the successive mtdtiplica- 
tion of the same number by itself are called the pow* 
ers of that n,umher. See Art. 26. Thus 

The first power pf 3 is 3. 

The square, or second power of 3, is 9, or 3x3. 

The cube, or third power of 3, is 27, or 3x3x3. 

The fourth power of 3 is 81, or 3x3x3x8, etc., 
etc., etc. ^ 

(119.) The exponent is a numher or letter written 
a Utile above a quantity to the rights and denotes the 
number of times that quantity enters as a factor into 
a product. See Art. 27. 

Thus the first power of a is a*, where the exponent 
is 1, which, however, is commonly written a, tiie ex* 
ponent being understood. 

Th^ second power of a is a X a, or a', where the ex- 
ponent 2 denotes that a is taken twice as a factor to 
produce the power aa. 

The third power of a is aXaXa, or a', where the 

Quest.— Give t|^e definitlQn of t)ie worc| power. Define the tenn 
exponent. ^^ 
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exponent 3 denotes that a is taken three times as 8 
fiEU)tor to produce the power aaa. 
The fourth power of a is aXaXaXa^ or a^ eto. 

Problem I. 

(120.) To square a monomial. 

Let it be required to raise the monomial 3ab^ to the 
second power. 

According to the rule for the multiplication of mo- 
nomials, Arts. 55 and 56, 

{3ab'y=3ay X 3ab'=9a'b\ 

So, also, (4a'bcy=4a'bc'x4:a'bc'=16a*b'c\ 

Hence, in order to square a monomial, we have the 
following 

RuL^. 

Squt^re the coefficient and multiply the exponent of 
each ef the letters by 2. 

Examp%z. 

1. What is the square of laxy ? 

Ans. 49aVy*. 

2. What is the square of lla*bc(P ? 

Ans. 121a'b*c'(t. 

3. What is the square of 8a'6 V ? 

Ans. 64a*6V. 

4. What is the square of 12a'a;^ ? Ans. 

5. What is the square of 15ab*cx* ? Ans. 

6. What is the square of 18x^yz* ? Ans. 
(121.) We have seen in Art. 62 that + multiplied 

QuBST. — Explain the method of eqnariiig a monomial. Oive the role 
fcr ■qnaring a monomiaL 
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by +, and — multiplied by — , give +. Now the 
square of &ny quantity being the produot of that quaii* 
tity by itself, it follows that 

Whatever may be the sign of a monomial^ its squan 
will be positive. 

7. What is the square of — lOoJV ? . 

Ans. +100a*6V 

8. What is the square of -da'bV ? 

Ans. +81a*6V. 

9. What is the square of IGmaff^ ? 

Ans. 
10. What is the square of -20a'&B*y' ? 

Ans. 

Problem II. 

(122.) To raise a monomial to any power. 
Let it be required to raise the monomial 2a*b* to 
the fifth power. 

According to the ru]^s for multiplication, 
{2a'by^2a'b'x2a'b'x2aVx2a'b'X2a'b' 
=32a"4"; 
where we perceive, 

1st. That the coefficient 2 has been raised to the 
fifth power. 

2d. That the exponent of each of the letters has been 
multiplied by 5. 
In like manner, 

(3a'b'cY=3a'b'cx3a'b'cxSa'b'c 
=27a"6V ; 
where we perceive that the coefficient 3 has been rais- 

Quest. — ^What will be the sign of the square ? How do we raise n 
monomial to any power? 
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ed to the third power, and that the exponent of eaoh 
of the letters has been multiplied by 3. 

Henee, to- raise a monomial to any power, we have 
the following 

Rule. 

1. Raise the numerical coefficient to the given pov)* 
er by actual multiplication. 

2. Multiply the exponent of each of the letters by 
the exponent of the power required. 

Examples. 

1. What is the cube of Qxy^o^l 

Ans. 216xyz'\ 

2. What is the fourth power of 4a6'c' ? 

Ans. 256a*ft V« ? 

3. What is the fifth power of 3axY ? 

Ans. 24Sa'x'y\ 

4. What is the fourth power of Sa'bcx* 1 

Ans. 

5. What is the cube of 5a*mxy ? Ans. 

6. What is the cube of 7a6%y ? Ans. 

(123.) We have seen that, whatever may be the sign 
of a monomial, its square is always positive. It is ob- 
vious that the product of several factors which are all 
positive is invariably positive. Also, the product of 
an even number of negative iiEU^tors is positive^ but 
the product of an odd number of negative factors is 
negative. Thus 

QuBfT. — Give the rale for raising a monomial to any power f Huw 
do we determine the sign of the power f 
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—ax — aX —a^—a* ; 
— ax — ax — aX — a= +a* ; 
— aX — aX —ax — aX — a=— a', 
eto., eto., etc. 
Henoe we perceive that 

Every even power is positive j but an ovid power hai 
the same sign as its root. 

7. What is the cube of -2ac'x* ? 

Am. -8aVrc". 

8. What is the fourth power of —Jab^cPy^l 

Ans. +2401a*A*fiPy. 
9* What is the fifth power of 2c^mx^ ? 

Am. +32c"m'a;". 

10. What is the fifth power of ^d'dy^ ? 

Ans. +2436*c"d:»y". 

11. What is the fourth power of — 4acPa;' ? 

Ans. +256a*£f V. 

12. What is the cube of -Baca^y ? 

Ans. -512aVa;y. 

13. What is the cube of —AaVmy* 1 

Ans, — 64a*ft*wy. 

14. What is the fifth power of -2bc^d'x* ? 

Ans. 
16. What is the fourth power of 5c^x*y^ ? 

Ans. 

16. What is the cube of dab'd^mY ? Ans. 

17. What is the cube of Ud^tTx* ? Ans. 

18. What is the fourth power of -^Sabc^m^l 

Ans. 



QvBST.-»Wliat is the rale for the sign of the power? 
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19. What is the fourth power of -lOcrf'xV ? 

Ants. 

20. What is the fifth power of -2aVx* 1 

Ans. 

Problem III. 

(124.) To raise a fraction to anp power. 

A fraction is raised to a given power by multiplying 
the fraction by itself; that is, by multiplying the nu- 
merator by itself and the denominator by itself, Art. 
85. 

Ex.1. Thus the square of I is 

a a a^ 

tXt, which equals tj. 

a 

2. So, also, the cube of t is 

a a a . ^ cf 

h^'b^V ^^^ equals -r;. 

5a'ft 25a*6' 

3. What is the square of ? Ans. r-. 

,™ 2a6' ^ 8a*6* 

4. What is the cube of -^ ? Ans. -k=-t- 

5. What is the fourth power of -tt"' 

, Slav 
Ans. — rr~« 

2JV 

6. What is the fifih power of ? 

*^ am 

32A*V 



Ans. 



a'm* 



QviSTd— How do we ndie a fraction to any power* 
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7. What is the fourth power of — ; — ? 

Ans. 

8abY 

8. What is the cube of ? Ans. 

TUX 

9. What is the square of — r — ? Ans. 

.- . ., ^Batn^x* ^ . 

10. What IS the square of ? Ans. 

ny 

Problem IV. 

(125.) To raise a polynomial to any power. 
A polynomial is raised to a given power by multi 
plying the quantity continually by itself. 

Ex. 1. Let it be required to find the fourth powei 
of a+6. 

a + b 
a + b 
a*+ ab 

(a+6)'=a'+2a 6+6", the second power of a+b. 

g+ b 

a'+2a^b+ ab' 
+ a'b+2ab'+b* 
{a+bY=a*+Sa*b'{'3ab*-\-b% the third power. 

a+b 

a*+3a*b+3a'b'+ ab* 
+ a'b+3a'b'+Sab'+b* 

{a+by^a^+Aa'b+ea'b'+^ab'+b*, the fourth 
power. 

Quest.— How do we raue a polynomial to aoy power? 
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(126.) It will be o1)aerYed that the number of mul- 
tiplicatioiis is one less than the exponent of the pow- 
er. Thus, to obtain the second power, we multiply 
the quantity by itself once ; to obtain the third power, 
we multiply the quantity by itself twice, etc. 

Exponents may be applied to polynomials as well 
as to monomials. Thus 

(a+by denotes the fourth power of the expression 
a+b. 

2. Find the fourth power of the binomial a—b. 

a —ft . 
a —b 

a'— ab 

- ab+b* 

(a— J)'=a'— 2a ft+ft% the second power of a— 6. 
a " b 

- a*6+2ay-y 

(a-ft)«=a'-3a"6+3aft'-6", the third power, 
a — ft 

a*-3a*ft+3a'6*- ab' 

- ^a'ft+3fl'y-3gy+y 

(a-ft)*=a*-4a"ft+6a'ft'-4ay+ft*, the fourth 
power. 

3. What is the cube of 2a-l ? 

Ans. 8a«-12a'+6a-l. 

4. What is the square of a+ft+c ? 

Ans. a^+V+c^+2ab+2ac+2bc. 

QuKiT. — How does the namber of multiplioatioiis compare with the 
exponent of the power I 
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6. What is the square of 2a*-3J' ? 

Ans. 4a*-12aW+9ft* . 

6. What is the cube of 2a-3ft ? 

Ans. 8a*-36a"ft+54ai'-27y. 

7* What is the cube of 2ab+cd? 

8. What is the fourth power of 3a— ft ? 

Ans. 81a*-108a'6+54a'6'-12ai«+ft*. 

9, What is the cube of a+b+c? 

Ans. a»+y+c'+3a6'+3ac*+3a«ft+3a*(?+3Jc"+ 
3b'c+6abc. 

10. What is the cube of 2a-2ab+b^ ? Ans. 

Binomial Theorebc. 

(127.) By the method already explained, any power 
of a binomial may be obtained by actual multiplica- 
tion ; but by the binomial theorem this labor may be 
greatly abridged. 

The successive powers of the binomial a+ J, found 
by actual multiplication, are as follows : 

(a+by=a +6 
{a+by=a*+2a b+b* 
{a+bY=a'+3a'lr+ 3ab'+b' 
{a+by=a'+4a'b+ 6a'b'+ 4ab*+b' 
{a+by=a'+5a*b+10a'b*+10a'b'+ 5a b*+b' 
{a+by=a'+6a'b+15a'b'-\'20a'b'-\'15a'b*+6ab'+.b\ 

The powers of a— J, found in the same manner, are 
as follows : 



QuxsT. — ^What is the object of the binomial theorem t 



DWOLTJTION AND POWERS. 166 

(a--by=a -b 
(a-ft)«=a'-2a b+b' 
(a-ft)»=a»-3a'ft+ 3ab'-b' 

{a-by=a'''5a*b-\'10a'b'-10a'b'+5ab*-b' 
la-bY=a'-6a'b'{'15a'b'-20a'b''hl5a'b''-6ab'+b\ 

(128.) On comparing the powers of a+b with those 
of a^by we perceive that they only diflFer in the signs 
of certain terms. In the powers of a+b, all the terms 
containing the odd powers of b have the sign — , while 
the even powers retain the sign +. The reason of 
this is obvious ; for, since —6 is the only negative term 
of the root, the terms of the power can only be ren- 
dered negative by b. A term which contains the fac- 
tor —6 an even number of times^ will, therefore, be 
positive ; a term which contains —6 an odd number 
of times, must be negative. Hence we conclude, 

1st, When both terms of the binomial are positive^ 
all the terms of the power are positive. 

2d. When the second term of the binomial is nega- 
tive, all the odd terms of each power, counted from 
the left, are positive, and all the even terms negative. 

(129.) Also, we perceive that the number of terms 
in the power is always greater by unity than the ex- 
ponent of the power. Thus the second power of the 
binomial contains three terms, the third power con- 
tains four terms, the fourth power contains five terms, 
etc. 

QuBST.— How do the powen of a-|-6 compare with those of a— 6 t 
What terms will be positive and what will be negative 7 What is the 
aomber of terms in the power T 
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(130.) Of the Exponents. 

If we consider the exponents of the preceding pow« 
ers, we shall find that they follow a very simple law. 
Thus: 

In the square, the exponents | - , r! ^^ c^ 
^ ^ ( of 6 are 0, 1, 2. 

In the cube, the exponents i « , ^' -' Z* «* 
xxi uio i;uuo, uu o pu ( of 6 are 0, 1, 2, 3. 

In the fourth power, the ex- ( of a are 4, 3, 2, 1, 0, 
ponents ( of 6 are 0, 1, 2, B, 4, 

etc., etc., etc. 

In the first term of each power, a is raised to the 
required power of the binomial ; and in the following 
terms the exponent of a diminishes by unity until we 
reach the last term which does not contain a. 

The exponent of 6 in the second term is 1, and in- 
creases by unity in each term to the right, until we 
reach the last term in which the exponent is the same 
as that of the required power. 

(131.) The sum of the exponents of a and b in any 
term is equal to the exponent of the given power. 
Thus, in the second power, the sum of the exponents 
of a and b in each term is 2 ; in the third power it is 
3 ; in the fourth power it is 4, etc. This remark will 
enable us to detect any error so far as regards the ex- 
ponents. 

We hence infer that, for the seventh power^ the 
terms without the coefficients must be 

a\ a% a'b% a'b\ a'b\ a'b\ ab\ V ; 

Quest. — What are the exponents of a and h in the different powers 1 
What law do the ^exponents follow? What is the sum of the expo 
nents of a and h in any term ? 



\ 
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and for the eighth power,^ - 

a', a% a'b\ a'h\'a'h\ a'b\ a^b\ ab\ b\ 

(132.) Of the Coefficients. 

The coeflSioient of ^the first term in every power of 
a+b is unity. The coeffioient of the second term ia 
the same as the exponent of the given power ; and if 
the coefficient of any term be multiplied by the expo^ 
nent of a in that term^ and divided by the exponent 
of b increased by oncj it will give the coefficient of 
the succeeding term. 

Thus the fifth power of a+b is 

a'+Sa^b+lOa'b'+lOa'b'+Sab^+b'. 

The coefficient of the second term is 5, which is the 
exponent of the power. Then, to find the coefficient 
of the third term, we multiply 5 by 4, the exponent of 
a in the second term, and divide by 2, which is the 
exponent of b increased by one. The quotient 10 is 
the coefficient of the third term. .So, also, if 10, the 
coefficient of the third term, be multiplied by 3, the 
exponent of a, and divided by 3, the exponent of b in- 
creased by one, we obtain 10, the coefficient of the 
fourth term. Again: if 10, the coefficient of the 
fourth term, be multiplied by 2, the exponent of a, and 
divided by 4, the exponent of b increased by one, we 
obtain 5, the coefficient of the fifth term. 

The coefficients of the sixth power will also be found 

as follows : 

6x6 15x4 20x3 15y2 6x1 
1>6, -g-, g >— j-i 5 '"T"' 

that is, 1,6, 15, 20, 15, 6, 1. 



QuBST.— What law do the coefficients follow 7 
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The coefficients of the seventh power will be 
7X6 21X5 35x4 35x3 21x2 7x1 



1,7, 



9 



2 ' 3 ^ 4 ' 5 ' 6 ' 7 
that is, 

1,7, 21, 35, 35, 21, 7, 1. 
Therefore the seventh power of a+b is 
a''{'7a'b+21a'b''{'35a*b'+35a'b'+21aV+7ab'+b\ 
(133.) The following therefore, is the 

Binomial Theorem. 

In any power of a binomial a+b, the exponent of a 
begins in the first term with the exponent of thepow^ 
er, and in the following terms continually decreases 
by one. The exponent of b commences with one in 
the second term of the power^ and continually in^ 
creases by one. 

The coefficient of the first term is one ; that 6f the 
second is the exponent of the power ; and if the coef" 
ficient of any term be multiplied by the exponent of a 
in that term^ and divided by the exponent of b increased 
by one J it will give the coefficient of the succeeding term. 

If we examine the powers of a +6 in Art. 127, we 
shall find that after we pass the middle term, the same 
coefficients are repeated in the inverse order. Thus 
the coefficients of 

(a+i)* are . 1, 5, 10, 10, 5, 1 ; 
of (a+6)" are 1, 6, 15, 20, 15, 6, 1. 

Hence it is only necessary to compnte the coeffi- 
cients for half tHe terms ; we then repeat the same 
numbers in the inverse order. 

Quest. — ^Repeat the binomial theorem. Is it neceflnuy to compute 
fill the ooe£Beieiits according to the rule 7 
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Examples. 

Ex. 1. Raise a+b to the 9th power. 
The terms without the coefficients are 

a%a% a'h\ a'b\ a'b\ a'b\ a'b\ a^b\ ab\ b\ 
And the coefficients are 

9x8 36x7 84x6 126x5 126x4 84x3 
' ' 2 ' 3 ' 4 ' 5 ' 6 ' 7 ' 

36x2 9x1 
8 ' 9 ' 
that is, 

1,9, 36, 84, 126, 126, 84, 36, 

9, 1. 
Prefixing the coefficients, we obtain 
(a+ft)'=a'+9a*ft+36a'J'+84a'y+126a'6*+126a*6' 
+84a*6«+36a'y+9a6»+6'. 
It should be remembered that, according to a former 
remark, it is only necessary to compute the coefficients 
of half the terms independently. 

Ex. 2. "What is the seventh power of x-^y ? 

Ans. 
Ex. 3. What is the sixth power of re— a ? 

Ans 
Ex. 4. What is the fifth power of m+n ? 

Ans. 
(134.) If the terms of the given binomial are attect- 
ed with coefficients or exponents, they must be raised 
to the required powers according to the principles al- 
ready established for the involution of monomials. 
Ex. 6. What is the fourth power of a— 3 J ? 

Ans. 

QutsT. — When the terms of the binomial have coefficients or expo 
tflots, how do we proneed 7 
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For convenience, let us substitute x for 36; then 

But x''=9b' ; x*=27b* ; and x'=81b\ 
Substituting for x its value, we have 
{a-Sby=a'-12a'b+5^a'b'-108ab*+81b*pAn8. 
Ex. 6. What is the cube of 2a -36 ? 

Ans. 8a'-36a'6+54a6'-27y. 
Ex. 7. What is the square of 5a— 76 ? 

Ans, 25a'-70a6+496'. 
Ex. 8. What is the cube of 4a;— 5y ? 

Ans. 64a;'-240a;V+300a;y*-125y\ 
Ex. 9. What is the fifth power oix—Zy? 
Ans. re*- 15xV+90a;y-270rcy +405a;s^*-243y*. 
Ex. 10. What is the fourth power of 3a"-26 ? 

il/j5. 81a*-216a'6+216a*6'-96a'6'+166\ 
Ex. 11. What is the fourth power of 2x+5a* ? 

Ans. 16a;* + IGOaj'a" + 600a;'a* + 1000a;a« + 625a'. 
Ex. 12. What is the fourth power of 2a;+4y ? 

Ans. 16a;* + 128a; V + 384a;y + 512a;s^' + 2563^* 
Ex. 13. What is the fourth power of a+6+c? 
Substitute a; for 6+c/ then 

(a+a;)*=a*+4a'a;+6aV+4aa;*+a;*. 
Restoring the value of re, we have 
(a+6+c)*=a*+4a'(6+c)+6a'(64-c)'+4a(64-cV 

or, expanding the powers of 64-c, we obtain 
(a+6+c)*=a*+4a'6+4a''c+6a'6'+12a'6c+6aV+4(i 

+12a6V+12a6c'+4ac*+6*+46»c+66V+46c*+ 
Ex. 14. What is the fourth power of a+6— 2c? 

Ans. a*+4a'6-8a'c+6a'6'-24a'6c+24aV+4 

-24a6V+48a6c'-32ac*+ 6*-86'c+246V-3; 

+16c*. 



SECTION XI. 

BVOLtrnON AND RADICAL QUANTITIES. 

(135.) Evolution is the process of finding the root 
Of any quantity. 

The square^ or second power of a number, is the 
product arising from multiplying that number by it- 
self once. Thus the square of 8 is 8x8, or 64; the 
square of 15 is 15X15, or 225. 

The square root of a number is that number which, 
multiplied by itself once, will produce the given num- 
ber. 

Thus the square root of 144 is 12, because 12 mul- 
tiplied by itself produces 144. 

Problem I. 

(136.) To Extract the Square Root of Numbers. 

If a number is a perfect square and is not very large, 
its root may generally be found by inspection. Thus 
the first ten numbers are 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ; 
and their squares are 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100. 
Hence the numbers in the first line are the square 
, roots of the corresponding numbers in the second. 

QuKST.-^What IS evolation f What is the square root of a number 1 
Bow nay the root sometimes be found 7 . 
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But if the number is large, the discovery of its root 
may be attended with some difficulty. The following 
principles will, however, assist us in detecting the root. 

(137.) I. For every two figures of the square there 
will be one figure in the rooty and also one for any 
odd figure. 

Thus the square of 1 is 1 ; 
« « 9 is 81 ; 

« " 10 is 100 ; 

« « 99 is 9801 ; 

" << 100 is 10000 ; 

« " 999 is 998001; 

« « 1000 is 1000000 ; 

etc., etc., et6. 
Hence we see that the square root of every number 
composed of one or two figures will contain one fig- 
ure ; the square root of every number composed of 
three or four figures will contain two figures ; the 
square root of a number composed of five or six fig- 
ures will contain three figures, etc. 

Hence, if we divide the number into periods of two 
figures, proceeding firom right to left, the number of 
figures in the root will be equal to the number of pe- 
riods. 

(138.) n. The first figure of the root will be the 
square root of the greatest square number contained 
in the first period on the left. 

Every number consisting of more than one figure 
may be regarded as composed of a certain number of 

Quest. — How may we know the number of fignres in the root? 
What will be the first figure of the root 7 How may the square of • 
number of two figures be decomposed t 
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tens and a certain number of units. If we represent 
the tens by a and the units by by the number may be 
represented by 

a+by 
whose square is > a*+2ab+b*. 

Hence we see that the square of a number com- 
(x>sed of tens and units contains the square of the tens 
plus twice the product of the tens by the unitSy plus 
the square of the units. 

Now the square of tens can give no significant figure 
in the first right-hand period ; the square of hundreds 
can give no figure in the first two periods on the right, 
and the square of the highest figure in the root can 
give no figure except in the first period on the left. 

Ex. 1. Let it be required to extract the square root 
of 2916. 

Since this number is composed of four figures, its 
root will contain two figures ; that is, it will consist 
of a certain number of tens and a certain number of 
units. Now the square of the tens must be found in 
the two left-hand figures, 29, which form the first pe- 
riod, and which we will separate from the other two 
figures by placing a point between them. Now this 
period contains not only the square of the tens, but 
also a part of the product of the tens by the units. 
The greatest square contained in 29 is 25, whose root 
is 6 ; hence^ 5 must be the number of tens whose 
square is 2^00 ; and if we subtract this from 2916, 
the remainderj^416, contains twice the product of the 
tens by the units, plus the square of the units. If 
then, we divide this number by twice the tens, we 

QuisT.— -Explain the method of extracting the square root. 
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Bhall obtain the units, or possibly a number somewhat 
too large. This quotient figure can never be too small, 
but it may be too large, because the remainder, 416, 
besides twice the product of the tens by the units, con- 
tains the square of the units. We therefore complete - 
the divisor by annexing the quotient 4 to the righl^. 
of the 10, and then, multiplying by 4, we evidently^ 
obtain the double product of the tens by the units^ 
plus the square of the units. The entire operation 
may then be represented as follows : 



2916 
25 
6x2=104 



54= the root. 



416 
416 



In this operation we have, for convenience, written 
25 for 2500. The two ciphers are, however, to be re- 
garded as impUed. So, also, the divisor is properly 
60x2, or 100, which is contained in 416 four times; 
but we usually omit the last cipher in the divisor, 
calling it 5x2, or 10, and also omit the last figure of 
the dividend, leaving 41, which gives the same result 
as if all the figures were retained, for 10 is contained 
in 41 four times. 

(139.) Hence, for the extraction of the square rout 
of numbers, we derive the following 

Rule. 

1. Separate the given number into periods of two 
figures eachf beginning at the right hand. The first 
period on the left will often contain but one figure. 

Quest. — Give the rale for extracting the sqaare root of numbers. 
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2. Find the greatest square contained in the left- 
hand period: its root will be the first figure of the 
required root. Subtract the square from the first pe- 
riodj and to the remainder bring down the second pe- 
riodfor a dividend. 

3. Double the root already, found for a divisor ^ and 
find how many times it is contained in the dividend, 
exclusive of its right-hand figure ; annex the result 
both to the root and the divisor. 

4. Multiply the divisor, thus increased, by the last 
figure of the root ; subtract the product from the div- 
idend, and to the remainder bring down the next pe- 
riod for a new dividend. If the product should be 
greater than the dividend, diminish the last figure of 
the root. 

6. Double the whole root now found for a new di- 
visor, and continue the operation as before, until all 
the periods are brought down. 

Ex. 2. Find the square root of 186624. 
The operation is as follows : 



18-66-24 
16 
83 



432 



2 66 
2 49 



862 



17 24 
17 24 



Consequently^ the required root is 432. 
Ex. 3. Find the square root of 8836. 

Ex. 4. Find the square root of 58564. 



Ans. 94 



Ans. 242 
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Ex. 5. Find the square root of 214369. 

Ans.AJBH. 
Ex. 6. Find the square root of 393129. 

Ans. 627. 
Ex. 7. Find the square root of 758641. 

Ans. 871. 
(140.) If, after all the periods have been brought 
down, there is no remainder, the proposed number is a 
perfect square. But if there is a remainder, we have 
only found the entire part of the root. In this case 
ciphers may be annexed forming new periods, each of 
which will give one decimal place in the root. 
Ex. 8. Find the square root of 2972. 
The operation is as follows : 



29-72 
25 



104 



1085 



54.516+ 



472 
416 



5600 
5425 



10901 



17500 
10901 



109026 



659900 
654156 



5744 Rem. 
Consequently, the square root of 2972 is 54.516, with 
a remainder of 5744. By annexing a greater number 
of ciphers, the root may be obtained to a greater num- 
ber of decimal places ; but, however far the operatioD 
may be carried, we shall always find a remainder. 

Quest. — What must be done when there is a remainder after all the 
periods have been brought down 7 
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Ex. 9. Find the square root of 929296. 

Ans. 964. 
Ex. 10. Find the square root of 18957316. 

Ans. 4354. 
Ex. 11. Find the square root of 47348161. 

Ans. 6881. 
Ex. 12. Find the square root of 77158656. 

Ans. 8784. 
Ex. 13. Find the square root of 88078225. 

Ans. 9385. 
Ex. 14. Find the square root of 87. 

Ans. 9.3273+. 
Ex. 15. Find the square root of 158. 

Ans. 12.5698+. 
Ex. 16. Find the square root of 523. 

Ans. 22.8691+. 
Ex. 17. Find the square root of 654. 

Ans. 25.5734+. 
Ex. 18. Find the square root of 763. 

Ans. 27.6224+. 
Ex. 19. Find the square root of 2. 

Ans. 1.4142+. 
Ex. 20. Find the square root of 3. 

Ans. 1.7320+. 

Problem II. 

To Extract the Square Root of Fractions. 

(141.) The second power of a fraction is obtained 

by multiplying the numerator into itself, and the de- 

a 
nominator into itself. Thus the second power of ^ is 

QuisT.— How do we obtain the aqaare root of a fraction 7 
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Henoe the square root of a fraction is equal to the 

square root of the numerator divided by the square 

root of the denominator. 

4 2 

Ex. 1. What is the square root of 3 ? Ans. ^ 

9 
Ex. 2. What is the square root of x^ ? 



36 
Ex. 3. What is the square root of ^? 



225 

Ex. 4. What is the square root of =^ ? 



Ans.-^. 
o 



Ans. ^. 



A 15 

,ans. 5=. 



1226 
Ex. 5. What is the square root of ,^^ ? 

Ans. =z, 
71 

fiQQCk 

B:^. 6. What is the square root of ^^r^r ? 

. ^- 9i- 

(143.) If either the numerator or denominator is 
not a'perfect square, we may change the vulgar fraC' 
tion into a decimal^ continuing the division until the 

Quest. — When the terms of tbp fir^tipj) are not perfect sqaares, how 
qfURt we prQcee4 7 
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number of decimal places is double the number of 
places required in the root. Then extract the root 
of the decimal fraction by Art. 140. 

Ex. 7. What is the square root of y= ? 

6 
The fraction y«> reduced to a decimal fraction, is 

35294117 ; the square root of which is .59408 Ans. 

3 
Ex. 8. What is the square root of = ? 

Ans. .65465. 

Q 

Ex. 9. What is the square root of To ? 

J[w5. .78446. 

(143.) The square root of a mixed quantity may be 
found in the usual way, if we reduce the vulgar frac- 
tion to its equivalent decimal, and divide the number 
into periods commencing with the decimal point. 

Ex. 10. What is the square root- of 3J? 

Ans. 1.8257. 
Ex. 11. What is the square root of 1Q\ ? 

Ans. 3.2015. 
Ex. 12. What is the square root of 7 J ? 

Ans. 2.6832. 
Ex. 13. ,Wiiat is the square root of 29| ? 

Ans. 5.3984. 
Ex. 14. What is the square root of 32.462. 

Ans. 5.6975. 
Ex. 15. What is the square root of 75^ ? 

Ans. 8.6849. 

QoxsT.— How may we find the square root of a mixed quantity f 
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Ex. 16. What is the square root of 5^^ ? 

Ans. 2.3629. 

3^ 
Ex. JL7. What is the square root of g? 

Ans. .77459. 

2 

Ex. 18. What is the square root of ^ • 

Ans. .81649. 
Ex. 19. What is the square root of 58.614336 ? 

Ans. 7.656. 
Ex. 20. What is the square root of 9.878449 ? 

Ans. 3.143. 

Problem III. 

To Extract the Square Boot of Monomidls. 

(144.) According to Art. 120, in order to square a 
monomial, we must square its coefficient and multiply 
the exponent of each of its letters by 2. Hence, in 
order to derive the square root of a monomial from its 
squ^e, we have the following 

Rule. 

1. Extract the square root of its coefficient. 

2. Divide the exponent of each letter by 8. 

Ex. 1. Thus V64a^=8a'6. 
This is evidently the true result for 

(8a'i)'=8a'6x8a'6=64a*6\ 
Ex. 2. Find the square root of 81a*6*. 

Ans. 9a*b\ 
Ex. 3. Fmd the square root of 225a*ft V. 

Ans. 15a*b*c. 

Qn EST.— How do we extract the square root of a monomial f 
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Ex. 4. Find the square root of 361a^b'x*. 

• Ans. 19ab*x*. 
Ex. 6. Find the square root of 529a'm*x*y*. 

Ans. 23am*x*f/^, 
Ex. 6. Find the square root of 841a'6VcP. 

Ans. 29a'b*c*d. 
(145.) It appears £rom the preceding rule that a 
monomial can not be a perfect square unless its coef' 
ficient be a square number ^ and the exponent of each 
of its letters an even number. 

Thus laV is not a perfect square, for 7 is not a 
square number, and the exponent of a is not an even 
number. Its square root may be indicated by the 
usual sign thus : 

Expressions of this kind are called surds^ or radi' 
cals of the second degree. 

A radical quantity is the indicated root of an im- 
perfect power. 

(146.) We have seen, Art. 121, that whatever may 
be the sign of a monomial, its square must be affected 
with the sign +. Hence we conclude that 

If a monomial be positive^ its square root may be 
either positive or negative. 

Thus V9a^=+8a', or -3a', 

for either of these quantities, when multiplied by it- 
self, produces 9a\' We therefore always affect the 
square root of a positive quantity with the double sign 
±, which is read plus or minus. 

QuxsT. — ^What is necMiary in order that a monomial may bo a per- 
fect aqnare 7 What are lard quantities 7 What sign most we prefix 
to the square root of a monomial 7 
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Thus •/4tt'=±2tt'. 

V25^=±5a6«. 

(147.) If a monomial be negative, the extraction 
of its square root is impossible, since we have just seen 
that the square of every quantity, whether positive (»r 
negative, is necessarily positive. 

Thus V"^ V"^ V-5a, 

are algebraic symbols indicating operations which it 
is impossible to execute. Q^uantities of this nature 
are called imaginary or impossible quantities, and are 
frequently met with in resolving equations of the seo* 
ond degree. 

Problem IV. 

To reduce Radicals to their most simple Porms. 

(148.) Surds may frequently be simplified by the 
application of the following principle : the square root 
vf the product of two or more factors is equal to the 
product of the square roots of those factors : 

Or, in algebraic language, 

for each member of this equation, squared, will give 
the same quantity, viz., ab. 

Let it be required to reduce V4a to its most isimple 
form. . 

This expression may be put under the form v/4 
Xx/a. 

But -v/4 is equal to 2. 

- 

Quest. — Can we extract the square root of a negative quantity f 
What are imaginary quantities f Upon what principle mi^ radical 
quantities be simplified 7 
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Henoe V4a= -v/4x \/a=2 \/a. 

2y/a is oonsidered a simpler form than V4a. 
Again : r^uoe y/48 to its most simple form. 

^/48 is equal to V16x3= -v/16x v^3=4-v/3. 
(149.) Hence, in order to simplify a monomial rad- 
ical of the second degree, we have the following 

Rule. 

• 

Separate the expression into two factors, one of 
which is a perfect square ; extract its root ; and prefix 
it to the other factor, with the radical sign between 
them. 

In the expressions 2Va and 4v^3, the quantities 2 
and 4 are called the coefficients of the radicals. 

To determine whether a given number contains a 
fiactor which is a perfect square, try whether it is di- 
visible by either of the square numbers 4, 9, 16, 25, 
36, etc. 

Examples. 

1. Eeduce V18a' to its most simple form. 

Ans. Zay/2.^ 

2. Eeduce V75a*b* to its most simple form. 

Ans. 5ab*VSa. 

3. Beduoe V192a*b to its most simple form. 

Ans. 8aV3b. 



4. Eeduce V486a*6V to its most simple form. 

Ans. 9a*b*cV6a. 

' - — ■ 

QvKfT. — Oive the rale for limplifying radical quantities. What are 
ooeflkitfBts of radicak f How may we know whether a number ecu 
taint a factor which is a square f . 
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5. Reduce y/433,a*b* to its most simple- fenn. 

Ans. Via*b VU. 

6. Beduoe V1125a*6c' to its most simple form. 



Ans. Wa^cVSab. 
7. Reduce V343a'«7i*:r to its most simple fonn. 



Ans. 7 am V 7 ax. 

8. Reduce V9S0a*b*c* to its most simple form. 

Ans. IWVc V5b. 

9. Reduce V2560a*c^x to its most simple form. 



Ans. ISa^cVlOaz. 

10. Reduce Vlddla'b^x to its most simple form. 

Ans. lla*bVllabx. 



11. Reduce •/864a*6V to its most simple form. 

Ans. 12abW'6bc, 

Problem V. 
To add Radical Quantities together. 

(150.) Two radicals of the second degree are ;mt« 
laVy when the quantities under the radical sign are the 
same in both. 

Thus Zy/a and 5-v/a are similar radicals. 

So also are 2v^3 and 5^Z. 

But 2 v/3 and 3\/2 are not similar radicals. 

Radicals may be added together by the following 

Rule. 

When the radicals are similar^ add their coefficients^ 
and to the sum annex the common radical. 

Qo EST. — What are similar radicals 7 Give the role for adding radical 
quantities. 
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But if the rtidicdls are not similar^ and can not be 
made similar by the reductions in the preceding Arti^ 
clcj they can only be connected together by the sign 
of addition. 

Ex. 1. Find the sum of 2'v/a and 3v^a. 

As these are similar radicals, we may unite their 
coefficients 1)y the usual rule ; for it is evident that 
twice the square root of a, and three tim^ the square 
root of a^ make five times the square root of a. 

Ex. 2. Find the sum of Zy/% and 5v^6. 

Ans. 8v^6. 
Ex. 3. Find the sum of 2m ^ a and Zn^/a. 

Ans. (2w+3w)v^a. 

Ex. 4. Find the sum of 7 -/Sa and 9 -/S^. 

Ans. 16 '/3a. 



Ex, 6. Find the sum of mVa+b and nVa+b. 



Ans. (m'{-n)Va+b. 
(151.) If the radicals are originally dissimilar, they 
must, if possible, be made similar by the method of 
Art. 149. 

Ex. 6. Find the sum of -v/27 and v^48. 

Here V27= /"9x3=3 V3, 

and V48= V16><3=4 VS. 

Whence their sum is 7v^3 Ans. 

Ex; 7. Find the sum of x/lS and v^32. 

Ans. 7v^2, 
Ex. 8. Find the sum of V75 and V108. 

Ans. llv^S. 

QuBST.— May nidioalf which appear to be diisuxular be Bometimei 
nitedT 
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Ex. 9. Find the sum of V20a" and V45a\ 

Ans. Say/ 5, 

FiX 10. Find the sum of V54a' and V96a\ 

Ans. 7ay/6. 

Ex. 11. Find the sum of •/32a7»' and VSOarn*. 

Ans. 9mV2a. 



Ex. 12. Find the sum of VASa'b^x and V125aVa;. 

Ans. 8abV5x. 
Ex. 13. Find the sum of 2v^l47 and ^/75. 

Ans. 19-V/3. 
Ex. 14. Find the sum of v^72 and v/128. 

Ans. 14v^2. 
Ex. 15. Find the sum of v'lSO and v/405. 

iin«. 15v^5. 

Problem VI. 

To find the Difference of Radical Quantities. 

(152.) It is evident that the subtraction of radical 
quantities may be performed in the same manner as 
addition, except that the signs in the subtrahend are 
to be changed according to Art. 48. Hence we have 
the following 

Rule. 

When the radicals are similar j subtract their coeffi- 
cients, and to the difference annex the common radical 

But if the radicals are not similar, and can not be 
made similar, their difference can only be indicated 
by the sign of subtraction. 

Quest. — Give the rale for the subtractioD of radical quantities. 
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Ex. 1. Find the difference between 5m s/a and 

Ex. 2. Find the difference between laby/2 and 
Zab'y/2. 

Ans. 4taby/2. 
Ex. 3. Find the difference between v75 and v^27 

Ans. 2v^3. 
Ex. 4. Find the difference between %/150 and v^24. 

Ans. 3%/6. 

Ex. 5. Find the difference between v^448 and v^ll2. 

Ans. 4v^7. 

Ex. 6. Find the difference between 5 %/20 and 3 v^45. 
Ex. 7. Find the difference between 2 y/50 and v^l8. 

Ex. 8 Find the difference between VSOa*x and 



V20a*x. 

Ans. 2a^V5x. 



Ex. 9. Find the difference between 2V72a' and 



VW2a\ 

Ans. 3a v2. 

Ex. 10. Find the difference between V490am^ and 



^/4a 



am*. 



iiiM. 5m V 10a. 



Problem YII. 
(153.) To multiply Radical Quantities tii^ether. 
Let it be required to multiply ^a by \/ft. 
The product, y/aX %/6, will be Vab. , 
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For if we raise each of these quantities to the sec- 
ond power we obtain the same rei^lt, ab ; henoe these 
two expressions are equaL We therefore have the 
following 

Rule. 

Multiply the quantities under the radical signs to- 
gether^ and place the radical sign' over the products 

If the radicals have coefficients^ these must be mul" 
tiplied together^ and the product placed before the 
radical sign. 

Ex, 1. What is the product oiZy/S and 2^/6 ? 

Ans. 6-/48 which equals 6 V 16x3, or 24 V3. 
Ex. 2. What is the product of 5^/8 and 3^/5 ? 

Ans. 15^/40or 30x/10. 
Ex. 3. What is the product of 2 v^3 and 3^/5 ? 

Ans. 6v/15. 
Ex. 4. What is the product of 2^/18 and 3^/20 ? 

Ans. 6V360 or 36 V 10. 
Ex. 5. What is the product of 5 y/2 and 3 v^8 ? 

Ans. 15v/16 or 6C 
Ex. 6. What is the product of 2 V3a6 and 3 V2a6 ; 

Ans. 6V6aVor 6a6V6. 
Ex. 7. What is the product of 7^/5 and 5x/15? 

Ans. 35^/75 or 175^/3. 

Ex. 8. What is the product of 2b ^xy and 56 ^/xy? 

Ans. lOb^xy. 

Ex. 9. What is the product of 2 V^ and 5 Vbc* ? 

Ans. lOVa'AV or lOabc. 

» ^ — 

QuxsT. — Give the rale for multiplying radical qaantitieci 
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Ex, 10. What is the product of 2a V 15a and Sa V3a ? 

Ans. 6a' V46a* or 18a" V5. 

Problem VIII. 
(154.) To divide one Radical Quantity by another. 

Let it be required to divide y/a* by ^/a^. 

Jhe quotient must be a quantity which, multiplied 
by the divisor, shall produce the dividend. We thus 
obtain y/a ; for, according to Art. 153, 

^/a'X%/a=\/a'; 

v/a* 

that is, — r"«= \/^- 

' %/a* 

Hence we have the following 

Rule. 

Divide one of the quantities under the radical sign 
by the other ^ and place the radical sign over the quo^ 
tient. 

If the radicals have coefficients, divide the coeffi- 
dent of the dividend by the coefficient of the divisor^ 
and place the quotient before the radical sign. 

Ex. 1. Divide 8^/108 by 2v^6. 

Ans. 4V18 or 4V9x2, or 12 V2. 
Ex. 2. Divide 4V6aV by 2 V%. 

Ans. 2 V2a" or 2a V2. 
Ex. 3. Divide VIO? by V5. 



Ans. '/2a* or ayf2. 
Ex. 4. Divide 4aftx/21 by v^7. 

Ans. 4aftv/3. 

QoxsT.-- Give the role for the diviskm of radical qnantiticb 
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Ex. 5. Divide 15abV6xy by 5bV2y. 

Ans. SaVSx. 
Ex. 6. Divide VSOx' by V5z. 



Ans. V4x* or 2x. 



Ex. 7. Divide 6aV4Sx' by 3 V4x". 



Ans. 2aV12a^ or 4aa;'/3. 



Ex. 8. Divide 24 abWi2ax by 12a6V3a. 

J.W5. 26 V4x or 46%/a;. 
Ex. 9. Divide 6a" V50^' by 3a V5x. 

Ans. 2aV10x* or 2aa;''/l« 



Ex. 10. Divide Ua'bV72a'b' by lay/Sab. 

Ans'. 2abV9ab or dabVab 
Ex. 11. Divide 6a»6VV28 by 2a V7. 

Ans. 3a6»cV4 or 6a6V 

Ex. 12. Divide 30a'6" V27a by 15a6 VSa. 

Ans. 2abW9 or Oa^. 

Problem IX. 
To Extract the Square Root of a Polynomial. 
(155.). In order to discover a method for extracting 
the square root of a poljmomial, let us consider the 
square of a+6, which is a'+2aft+6'. If we write the 
terms of tlie square in such a manner that the powers 
of one of the letters, as a, may go on continually de- 
creasing, the first term will be the square of the first 
term of the root ; and since, in the present case, the 
first term of the square is a', the first term of the root 
must"be a. 

Quest.— Flxplain the method of extracting the square root of a poly- 
Domial. 



EVOLUTION AND RADICAL QUANTITIES. 191 

Having found the first term of the root, we must 
donsider the rest of the squai%, namely, 2a6+6^ to see 
how we can derive from it the second term of the root. 
Now this remainder, 2a6+6', may be put under the 
form {2a+b)b; whence it appears that we shall find 
the second term of the root if we divide the remainder 
by 2a +b. The first part of this divisor, 2a, is double 
of the first term already determined ; the second part, 
6, is yet unknown, and it is necessary at present to 
leave its place empty. Nevertheless, we may com- 
mence the division, employing only the term 2a ; but 
as soon as the quotient is found, which in the present 
case is b, we must put it in the vacant place, and thus 
render the divisor complete. 

The whole process, liierefore, may be represented as 
follows : 

a*+2ab+b'\ a+6=the root. 



a 



2a+6=the divisor. 



2ab+b' 
2ab+b' 

(156.) Hence, to extract the square root of a poly- 
nomial, we have the following 

Rule. 

1. Arrange the terms in the order of the powers of 
tome one letter ; take the square root of the first term 
for the first term of the required root, and subtract 
its square from the given polynomial. 

2. Divide the first term of the remainder by double 
the root already found, and annex the result both to 
the root and the divisor. 



Qr£sT.— Give the rule for extracting the square root of u polyiiomiu. 
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3. Multiply the divisor thus increased by the lasP 
term of the rootj and sitbtract the product from the 
last remainder. 

4. Double the terms of the root already found for 
a new divisor j and divide the first term of the remain- 
der by the first term of the divisor ^ and annex the re- 
sult both to the root and the divisor. 

5. Multiply the divisor thus increased by the last 
term of the rootj and subtract the product from the 
last remainder. Proceed in the same manner to find 
the additional terms of the root. 

Ex. 1. Required the square root of the polynomial 

a' +2a*x +3a V -{-2ax*+x\ 
The operation may be represented as follows : 

g"+2a'a;+3aV+2aa;'+x >'+ga;+x' =the root, 
a' 



2a*x+3aV 
2a*x+ aV 



2a'+aa;=the first divisor, 



2aV+2aa;*+x* 
2aV+2aa;*+a;* 



2a*+2ax+a^ = the second 
divisor. 



The terms of the polynomial being arranged in the 
order of the powers of the letter a, we extract the 
square root of a* and obtain a', which is the first term 
of the root. Having subtracted a* from the given 
polynomial, we divide 2a*Xy the first term of the re- 
mainder, by 2a', and obtain +aXj which is the second 
tenn of the root, which we annex both to the root and 
also to the divisor.. We then multiply the complete 
divisor, 2a*+ax, by ax, and subtract the product from 
the last I'emainder. We now double the terms of the 
root a'-faa;, and obtain 2a*+2ax for a new divisor. 
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dividing 2aV by 2a*, we obtain a;', the third term of 
Uie root, which we annex both to the root and to the 
divisor. Multiplying the complete divisor by re', and 
subtracting from the last remainder, nothing remains. 
Therefore cf+ax+af is the required root. 

For verification, multiply the root by itself, and we 
shall obtain the original polynomial. 
Ex. 2. Required the square root of the polynomial 
a*-2a'zX2a^a^'-2ax'+x\ 

Ans. a'—ax-ba^. 
Ex. 3. Required the square root of the polynomial 
a*— 4a"a;+6aV— 4aa;*+a;*. 

Ans. a*'-2ax-\-x^. 
Ex. 4. Required the square root of the polynomial 
a*+4a'a;+4aV-12aa;-6a'+9. 

Ans. a*+2aa;--3. 
Ex. 5. Required the square root of the polynomial 

Ans. a^-2ab-2b\ 
Ex. 6. Required the square root of the polynomial 
4a;*+8aa;'+4aV+166V+16ay»+166\ 

Ans. 2x'+2ax+46*. 
Ex. 7. Required the square root of the polynomial 
9x*-12a:'+iai;*-iai;"+5a;'-2a;+l. 

Ans. 3a;*— 2a;'+a;— 1. 
Ex. 8. Required the square root of the polynomial 
o*+2aA+2ac+y+26c+e*. 

Ans. a+ft+c. 
Ex. 9. Required the square root of the polynomial 
4c*-12x"+13x'-6a;+l. 

Ans. 2aj'-3a;+l. 

QuiST.-<-How inuy the result obtaiuod be veriiied^ 

I 
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Ex. 10. Reqaired the square root of the polynomiA 
a*+2a'+3a*+4a"+3a"+2a+l. 

Ans. a*+a*+a+l. 

(1S7.) No binomial can be a perfect square. For 
the square of a monomial is a monomial ; and Hie 
square of a binomial consists of three distinct terms, 
which do not admit of being reduced to a less nnm* 
ber. Thus the expression 

is not a perfect square; it wants the term dc2ab to 
render it the square of a^b. This remark should 1)6 
coutinually borne in mind, as beginners often put the 
square root of a'H-6* equal to a+b. 

(158.) A trinomial is a perfect square when two 
of its terms are squares, and the third is the double 
product of the roots of these squares. Thus 
the square of a+b is a'+2a6+6% 
and the square of a—b is a*— 2a6+6'. 

Therefore the square root of a'daiab+b* is a±& 

(159.) Hence, to obtain the square root of a trinomial 
when it is a perfect square, we hare the following 

Rule. 

Extract the roots of the two terms which are com- 
plete squares^ and connect them by the sign of the 
other term. 

Ex. 11. Required the square root of a'+4«6-f 4i'. 
The two terms a* and 46' are complete squares, and 

Quest. — Why can not a binomial be a perfect square? When Ib a 
trinomial a perfect square ? Give the rule for the Bqoare root of a 
trinomial. 



EVOLUTION AND RADICAL QUANTITIES. 195 

^ third term, 4abj is twice the product of the roots 
^ and 2b; hence a+2b is the root required. 
Ex. 12. Bdquired the square root of 9a'— 24a6+16i* 

Ans. 3a— 46. 
Ex. 13. Required the square root of 9a^— 30a'& 
•i-25a'6'. Ans. 

Ex. 14. Required the square root of 4a'+20a&+36\ 

Ans. 
Ex. 15. Required the square root of 16a"— 26a^i' 
+49a'6\ Ans: 

Ex. 16. Required the square root of 64a'— 496*. 

Ans, 
There are other roots which may be obtained by 
Buccesslve extractions of the square root. Thus, 
The fourth root is equal to .the square root of the 

square root. 
The eighth root is equal to the square root of the 

fourth root, &c. 
Ex. 17. Required the fourth root of 81a*-216a''6 
+216a'6«-96ai*+166\ Ans. 3a-26. 

Ex. 18. Required the fourth root of 16a*+6*+a;* 
+ 24a'6« + 24aV + 66V + 32a"6-32a"a;+8a6'- Sax' 
-46'a;-46x'-48a*6a;-24a6'x+24a6aj'. 

Ans. 2a +6— re. 
Ex. 19. Required the fourth root of 16y+128yVi; 
+384y'x'+512ya:*+256a;*. Ans. 2y-\-4x. 

Ex. 20. Required the fourth root of 16a*4-160aV»* 
+600a'6*+1000a6*+6256". Ans. 2a+56' 
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SECTION XII. 

EQUATIONS OF THE SECOND DEOREE. 

(160.) An equation of ths second degree is one in 
which the highest power of the unknown quantity U 
a squcfte. 

^ Thus, 4a;'+6a;=28, 

and aa^-\-bx=Cf 

a^e equations of the second degree. 

(161.) Equations of the second degree are diyided 
into two classes. 

I. Equations which contain only the ^juare of the 
unknown quantity and known terms. These are called 
incomplete equations. 

Of this description are the equations 
3a;'+12=150; aa;'=J, etc. 

II. Equations which contain both the first and sec- 
ond powers of the unknown quantity, together with 
known terms. These are called complete equations. 

Of this description are the equations 

re'— 10a;=7 ; ax^+bx=Cf etc. 

INCOMPLETE EQUATIONS OF THE SECOND DEGREE. 

(162.) Every incomplete equation of the second de* 
gree can be reduced to an equation containing but 
two terms. 

Quest. — What is an equation of the second degree? What are in 
complete equations of the second degree ? What are complete equa> 
tions 7 Every incomplete equation can be reduced to what form 7 
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Thus, take the equation 

By transposition, we obtain 

Again-: take the equation * 

3 ^^12^24t ^'*'24* 
Clearing the equation of fractions, we obtain 

afc'-72+10a;»=7-24a;'+299. 
Transposing terms, we obtain 

24a;'+8a;«+10aj»=7+299+72 ; 
and uniting similar terms, we have 

42a;'=378 ; 
or, dividing each member by 42, 

a;'=9. 
Hence every incomplete equation of the second de* 
gree can be reduced to an equation of the form 

and, for this reason, incomplete equations are some- 
times called equations of two terms. 

(163.) If we extract the square root of each mem- 
1>er of this equation, we obtain 

x=Va. 
Hence, to solve an incomplete equation of the seo* 
and degree, we have the following . 

Rule. 

Find the value of x', and extract the square root 
of both members of the equation. 

Qusf T.^Why are incomplete eqoatioiii called eqnatknii of two 
f Give the nile for lolving an incomplete equation. 



\ 
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Ex. 1. What is the value of 2; in the equation 

5a;'-18=3x«+14? 
Transposing terms, we have 

5a;»-3a;*=14+18. 
Reducing, 2a;'=32, 

or a;"=16. 

Extracting the square root, 

X =4. 
This value may be verified by substitution in the 
original equation. We thus obtain 

5X 4'-18=3x 4«+14, 
or 5x16-18=3x16+14; 

that is, 62=62. 

It should, however, be observed, that the square 
root of 16 is either +4 or —4, for — 4x —4=16 ; see 
Art. 62. And this value may also be verified by sub- 
stitution in the original equation. 

(164.) A root of an equation is the value of the un- 
known quantity in the equation. The preceding equa- 
tion has two roots, viz., +4 and —4, and jiniversally 
we shall find, 

1st. Every incomplete equation of the second de* 
gree has two roots, 

2d, These roots are numerically equals but have 
contrary signs. 

Ex. 2. What are the values of 2: in the equation 

a;'-17=130-2a;»? 
By transposition, 3a;' =147, 

Quest. — What is a root of an equation 7 How many roots has an in 
eomplete equation of the seoond degree f What relation have these 
roots to each other? 



EQUATIONS OF THE SECOND DEGREE. 199 

Therefore a;'=49, 

and re =+7 or —7. 

Ex. 3. What are the values of a; in the equation 

7a;'-24=4a;'+51? 

Ans, x=+5 or —5. 
Ex. 4. What are the values of x in the equation 

6a;'-48-2a;'=96 ? 

Ans, x=+6oT --6. 
Ex. 6. What are the values of a; in the equatioii 

Ans. a;=+8 or —8. 
Ex. 6. What are the values of a; in the equation 

2x^ 
12+6x'=^+5x'+151 

Ans. x=+3 or —3 
Ex. 7. What are the values of a; in the equation 

9 

Ans. ar=+10 or —10. 

Ex. 8. What are the values of a; in the equation 

x^+ab=:5x* ? 

Vab Vab 
Ans. a;=H — g— or s""- 

Ex. 9. What numher is that which, being multi- 
plied by itself, gives the product 256 ? 

Ans. +16 or —16. 
Ex. 10. What number is that the third part of 
whose square being subtracted from 18, leaves a re- 
mainder equal to 6 ? 

Ans. +6 or —6. 

Ex. 11. A boy, being asked his age, answered that 



> 
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if it were multiplied by itself, and £rom the prodact 
108 were subtracted, the remainder would be the 
square of half his age. What was his age ? 

Ans, 12 years. 

Ex. 12. What two numbers are those whose sum 
is to the greater as 10 to 7, and whose sum, multi- 
plied by the less, produces 270 ? 

Let lOo; represent the sum. 

Then 7x will represent the greater number, 
and 3x will represent the less. 

Whence 30a;'=270, 

and x*=9 ; 

therefore re =3, 

and the numbers are 21 and 9. 

Ex. 13. What two numbers are those which are to 
each other as 4 to 5, and the difference of whose 
squares is 81 ? 

Let 4x and 5x represent the numbers. 

Ans. 12 and 15. 

Ex. 14. What two numbers are those whose differ- 
ence is to the greater as 2 to 9, and the difference of 
whose squares is 128 ? 

Let 9x and 7x represent the two numbers. 

Ans. 18 and 14. 

Ex. 15. What two numbers are those which are 
to each other as 2 to 3, and the sum of whose squares 
is 117? 

Ans. 6 and 9. 
*Ex. 16. What two numbers are those whose differ- 
ence is to the greater as 8 to 8, and the sum of whose 
squares is 356 ? 

Ans. 10 and 16. 
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Ex. 17. Find two numbers which are to each other 
as 3 to dy and whose product is 240. 

Ans. 12 and 20. 
Ex. 18, Find two numbers whose sum is to their 
difference as 5 to 2, and the difference of whose squares 
is 160? 

Ans. 14 and 6. 
Ex. 19: Find two numbers whose sum is to the 
less as 11 to 5, and whose sum multiplied by the less 
produces 220. 

Ans. 12 and 10. 
Ex. 20. A mercer bought a piece of silk for 324 
shillings ; and the number of shillings which he paid 
for a yard was to the number of yards as 4 to 9. 
How many yards did he buy, and what was the price 
of a yard ? 

Ans. 27 yards at 12 shillings per yard 

COMPLETE EQUATIONS OF THE SECOND DEGREE. 

(165.) A complete equation of the second de^ee is 
one which contains both the first and second powers 
of the unknown quantity, together with known terms. 

Every complete equation of the second degree can 
be reduced to an equation containing but three terms. 

Thus, take the equation 

5x'+18=3x"-4a;+48. 
By transposing and reducing, we have 

2a;'+4a;=30; 
and, dividing by 2, a;'+2a;=15, 
an equation containing but three terms. 

QuxsT. — Wbat is a complete equation of the second degree? T» 
what fonn may every complete equation be reduced 7 
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Again take the equation 

Clearing the equation of fractions, we obtain 

7x' + 36 +3x=4a;' + 12a;+48. 
Transposing terms, we obtain 

7a;'-4x'+3a;-12a;=48-36. 
Uniting similar terms, we have 

3x'-9x=12, 
or, dividing by 3, 

a;'-3a;=4. 

(166.) Hence every complete equation of the seooi^d 
degree can be reduced to an equation of the form 

x*+ax=b; 
and, for this reason, complete equations are sometimes 
called equations of three terms. It is to be understood^ 
however, that the signs of the quantities a and b may 
be either positive or negative. 

Suppose we have the equation 

rc'-6a;+9=l, 
in which it is required to find the value of x. 

Since each member of this equation is a complete 
square, if we extract the square root, we shall obtain 
a new equation involving only the first power of x^ 
which may be easily solved. 

We thus have a;— 3==fcl, 
and, by transposition, 

rc=3=fcl=:4 or 2. 

In order to verify these values, substitute each ol 

Quest. — ^AVhy is a complete eqaation called an equation of three 
terms? 



EQUATIONS 01 THE SECOND DEGREE. 203 

fhem in place of 2; in the given equation. Taking the 
first value, we shall have 

4'-6x4+9=l; 
that is, 16-24+9=- 1, 

an identical equation. 

Taking the second value of Xj we obtain 

2'-6x2+9=l; 
that is, 4-12+9=1, 

an identical equation. 

Hence we see that a complete equation is readily 
solved, provided each member of the equation is a 
perfect square. But equations seldom occur under 
this foria. Take, for example, 

a;'— 6a;=— 8. 

The preceding method seems to be inapplicable, be^ 
cause the first member is not a complete square. We 
may, however, render it a complete square by the ad- 
dition of 9, which must also be added to the second 
member to preserve the equality. 

The equation thus becomes 

a;'-6a;+9=9-8=l, ■ 
which is the equation before proposed. 

(167.) The peculiar difficulty, then, in resolving 
oomplete equations of the second degree, consists in 
rendermg the first member an exact square. 

In order to discover a general method of solution, 
let us take the equation 

x*+ax=by 
which is the forhi to which every complete equation 
of the second degree can be reduced. 

QuKST.— In what coniisU the difficulty of solving a complete equar 
tionf Eiplain the method of lolving the general eqaatioai. 
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In order to aToid firaotions^ we will represent the 

coefficient of x by 2p, and will write the equation in 

the form 

af+2px=^q. 

We hare seen that if we can by any transfoixnation 
render the &st member of this equation the perfect 
square of a binomial, we can reduce the equation to 
one of the first degree by extracting the square root. 

Now we know that the square of a binomial, a;+/^, 
is x'+2px'hp* ; that is, the square is composed of the 
square of the first term, plus twice the product of the 
first term by the secoud| plus the square of the second 
term. 

Hence, considering af+2px as the first two terms 
of the square of a binomiali we see that the third term 
of the square must be p', which is the square of half 
the coefficient of the first power ofx. 

If, then, we add p^ to the first member of the pro- 
posed equation, it will become a complete square ; and, 
in order that the equality may not be destroyed, we 
must add the. same term to the second meq^ber of 
the equation, which thus becomes 

x^+Zpx+p'^^q+jf. 

Extractipg the square root of each member pf tfas 
equation, w^ luava 

^+p^±:y/q+p'\ 
whence, by transposing p^ we haye 

x^^-^p^y/q+p"". 

We prefix tl^e double sign i, because the squares 
both of -f Vg-f-i?' and also of — y/q+p* is +^+p*, and 
therefore every equation of the second degree must 
have two roots. 
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% 



(168.) Hencei for the solution of every complete 
equation of the second degree, we have the following 

Rule. 

1 Clear the equation of fractions. Transpose all 
the known quantities to one side of the equation^ 
and all the terms containing the unknown quantity 
to the other sidcj and reduce the equation to the form 
x'+2px=q. 

2. Take half the coefficient of the first power of x, 
square ity and add the result to each member of the 
equation, 

3. Extract the square root of both members of the 
equation^ and transpose the known term contained in 
the first member to the other side of the equation. 

Ex. 1. What are the values of a; in the equation 

a;'~10a;=-16? 
Completing the square by adding to each member 
the square of half the coefficient of the sec^r*^ erm« 
we have 

a;'-10a;+25=25- 6=3 
Extracting the root, 

a;~S==fc3. 
Hence x=5dt3=8 or 2. 

Thus X has two values, either ^ w 5 lo reriff 
them, substitute in the original Aquation, and we shall 
have 

8'-10x8=-16, * <%4-Q0=-16; 
also, 2*-10x2=-16, f. e., 4-20=-16; 
both of which are identical equations. 

QuK8T.-»CKv« thm rok for solying a complete equation of the aecoiid 
degree. » 
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Ex. 2. What are the values of 2; in the eqaatioa 

a;'-2a;=24? 
Completing the square, 

a;'-2a;+l=24+l=25. 
Extracting the root, «— 1=±5. 
Whence a;=l:i:S=+6 or — 4. 

These values of x may be verified as in the proi 
deding example. 

Ex. 3. What are the values of a; in the equation 

Ans. «=— 2 or —4. 
Ex. 4. What are the values of 2; in the equation 

x"+6a;=27 ? 

Ans. x=+2 or —9. 
Ex. 5. What are the values of x in the equation 

2a;'+8x-20=70? 

Ans. x=+5 or —9. 
Ex. 6. What are the values of a; in the equation 

x' 

a;'+2a;+4=j ~a;+28 ? 

Ans. x=+4 or —8. 
Ex. 7. What are the values of 2; in the equation 

a;''-10a;+50= = ? 

o 

Ans. a;=+9or +7. 
,Bx. 8. What are the values of 2; in the equation 

3x''-6x-74=31? 

Ans. x=+7 or —6. 

Ex. 9. What are the values of a; in the equation 

10 x'+Ux 

a;'+2a;-y=90-^^-^? 

Ans a;=+8 or —10. 
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Ex. 10. What are the values of x in the equation 

45 x\ 
4 4 

Ans. x=+2 or —7. 

(169.) The preceding method of solving a complete 
equation is applicable to all cases; nevertheless, it 
sometimes leads to inconvenient fractions. For, in 
order to reduce a given equation to the required form, 
z*+2px=qj we must divide by the coefficient of a;', 
which it is often impossible to do without a remainder. 
Let, then, the equation be represented by the form 

ax*+bx=c. 

Multiply each member of the equation by 4a, and 
it becomes 

4a*x*+Aabx=Aac. 

Adding b* to both members, we have 
4aV+4ate+6'=4ac+ft'. 

The first member of the equation is now a complete 
square, and its square root is 2ax+b. 

(170.) Hence, for completing the square, we may 
use the following 

Rule. 

Multiply the equation by four times the coefficient 
of X*, and add to both sides the square of the coeffi^ 
dent of X. 

If the coefficient of x' is unity, this rule becomes, 

Multiply the equation by four^ and add to each 
member the square of the coefficient of x. 

Either of these methods of completing the square 

QuBST.^Whut incoovenience sometimes results from the preceding 
method of aoliition T What method is free from this inconvenieuce T 
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may be practiced at pleasure ; but the first method is 
to be preferred, except when its application would in* 
volve inconvenient fractions. 

Ex. 11. What are the values of 2; in the equation 

a;«-a;-40=170. 
Transposing, we obtain 

a;*-a;=210. 
Multiplying by 4, 

4a:'-4a;=840. 
Adding 1 to each member of the equation^ 

4x*-4x+l=841. 
Extracting the square root, 

ac-l=db29. 
Whence, 2a;=l±29=+30 or -28 ; 
that is, a;=+15 or —14. 

Ex. 12 What are the values of a; in the equation 

' V+2a;-9=76? 
Transuo^g, 3x'+2x=8i^ 
Multiplying each member **^ 12, we have 

36x'+24a;=1020. 
Adding the square of 2 to each member, we obtain 

36x'+24a;+4=1024. 
Extracting the square root, 

6x+2=±32. 
Whence 6rc=-2±32=+30 or -34; 
that is, rc=+5 or — 6f. . ^ 

Ex. 13. What are the values of re in the equation 

|~|+20i=42| ? 
Clearing of fractions and transpo9ing, we have 



QuKST.— When is the first method to be preferred f 
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Completing the square and extraoting the root) 

6x=2±40=42 or -38." 
Whence a;=7 or — 6J. 

Ex. 14. What are the values of a; in the equation 

Clearing' of fractions, completing the square, and 
extracting the root^ we have 

24a;=8±28=36 or -20. 
Whence x=li or — |. 

Ex. 15. What are the values of a; in the equation 

4a;'-3a;=85? 

17 

Ans. x=5 or — -r-. 

4 

Ex. 16. What are the values of a; in the equation 

^ .35-3a; ^^^ 
6x+ =44? 

X 

Ans. x=7 or ^. 

6 

t 

Ex. 17. What are the values of re in the equation 

X 5 

Ans. a;=25 or 1. 

Ex. 18. What are the values of re in the equation 

2a; 1 7 
3^a; 3' 

Ans. x=3 or ^. 
Ex. 19. What are the values of re in the equation 
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a:+4=9+— 3^? 

Ans. x=S or 5. 

Ex. 20. What are the values of a; in the equatioii 

_ 15 x*—x^ 

2 4 

Ans. x=2 or 7. 

Ex. 21. What are the values of a; m the equation 

a;'+8a;+50=35 ? 

Ans. a;=— 3 or — S. 

Ex. 22. What are the values of a; in the equation 

7x+35=ll— Sx-a;*? 

Ans. a;=— 4 or —6. 

Ex. 23. What are the values of a; in the equation 

-r-+16a;+17=5x-^ +7 ? 
4 4 

Ans. rc=— 1 or —10. 

Ex. 24. What are the values of a; in the equation 

2x' 5x' 

-^+65+lla;=17-y -3x? 

Ans. a;=-r6 or —8. 

Ex. 23. What are the values of a; in the equation 

2af 
-g-+4a;+18=6-2a; ? 

Ans. a;=— 3 or —6. 

Ex. 26. What are the values of x in the equation 
. 2a;''+9a;+25=23+4a; .^ 

Ans. a;=— 2 or — s- 

Ex. 27. What are the values of a; in the equation 
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36— a; 

^ 3 

• Ans. a;=12 or — r. 

4 

Ex. 28. What are the values of a; in the equation 

x+1 J 

Ap^. a;=4 or —7. 

4 

Ex. 29. What are the values of a; in the equation 

8a; . 20 



x+2 3x' 2 

Ans. a;=10 or — k. 

Ex. 30. What are the values of a; in the equation 

3a;»-2a;=655 

Ans. x=5 or — 4J. 

(171.) Problems prqducino complete equations of 

rHE SECOND degree. 

Prob. 1. It is required to find two numbers such 
that their difference shall be 6 and their product ?60. 
Let x= the least number. 
Then will a; +6= the greater. 
And by the question, a;(a;+6)=a;*+6a;=160. 
Therefore, a; =10 the less number, 

a;+6=16 the greater number. 

Proof. 16—10= 6, the first condition ; 
16x10=160, the second condition. 

Prob. 2. The receiving reservoir at Yorkville is a 
rectangle, 60 rods longer than it is broad, and its area 
is 5500 square rods. Required its length and breadth* 

Ans. 50 and 110 rods. 
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Prob. 3. It is required to divide the number 50 into 
two such parts that their product shall be 544. 

Ans. 34 and 16j^ 

Prob, 4. In a bag which contains 110 coins of sUvei 
and gold, each gold coin is worth as many cents as 
there are silver coins, and each silver coin is worth as 
many cents as there are gold coins ; and the whole 
are worth twenty dollars. How many are there of 
each? 

Ans, 10 of gold and 100 of silver. 

Prob. 5. There is a number consisting of two digits, 
whose sum is 10, and the sum of their squares is 58. 
Required the number. 

Let x=z the first digit. 

Then will 10— x= the second digit. 

And rc'+(10-a;)''=2a;'-20a;+100=58 ; 
that is, a;*— 10a;=— 21, 

a;'-10a;+25=4, 
a;=5±2=7or3. 

Hence the number is 73 or 37. 

The two values of x are the required digits whose 
^um is 10. It will be observed that we put x to rep- 
resent the first digit, whereas we find it may equal 
the second as well as the first. The reason is, that 
we have here imposed a condition which does not en- 
ter into the equation. If x represent either of the re- 
quired digits, then 10— a; will represent the other, and 
hence the values of x found by solving the equation 
should give both digits. Beginners are very apt thus, 
in the statement of a problem, to impose conditions 
which do not appear in the equation. 

Quest — What error are beginners prone to commit t 
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The preceding example, and all others of the same 
olass, may be solved without completing the square. 
Thus, 

Let X represent the half difference of the two digits. 

Then, according to the principle on page 122, 

5+« will represent the greater of the two digits, 

5—x will represent the less of the two digits. 

The square of 5-f-x is 25+lOx+a;*. 

The square of 5—x is 25— lOx+a;*. 

The sum is 50+2x% 

which, according to the problem, equals 58. 

Hence 2x*=8, 

or a:'=4, 

and x=dz2. 

Therefore, 5+a;=7 the greater digit, 
5—0;= 3 the less digit. 

Prob. 6. A laborer dug two trenches, whose united 
length was 26 yards, for 356 shillings ; and the dig- 
ging of each of them cost as many shillings per yard 
as there were yards in its length. What was the 
length of each ? 

Ans. 10 or 16 yards. 

Prob. 7. A farmer bought a number of sheep for 
60 dollars, and if he had bought four more for the 
same money, he would have paid one dollar less for 
each. How many did he buy ? 

Let X represent the number of sheep. 

80 
Then will — be the price of each. 

X 

' 80 
And ——J would be the price of each if he had 

bought four more for the same money. 
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Bat by the equation we have 

80_ 80_ 

X a;+4 
Solving ihifl equation, we obtain 

a;=16 An$. 

Prob. 8. By selling my horse for 24 dollars, I lose 
as muoh per cent, as the horse oost me. What was 
the first cost of the horse ? 

Let X represent the first oost. 

X 

Then j^ is the loss per cent. 

a;' 
And :r^ is the absolute loss. 

"Whence we find a;=40 or 60 dollars. 

Prob. 9. There are two numbers whose differenoo 
is 7, and half their product, plus 30, is equal to the 
square of the smaller number. What are the numbers ? 

Ans. 12 and 19. 

Prob. 10. Divide the number 30 into two such 
parts that their product may be equal to eight times 
their difference. 

Ans. 6 and 24. 

Prob. 11. A and B set out at the same time to a 
place at the distance of 150 miles. A travels 4 miles 
an hour faster than B, and arrives at his journey's end 
10 hours before him. At what rate did each travel 
per hour ? 

Ans. B 6 miles and A 10 miles per hour. 

Prob. 12. Divide the number 33 into two such parts 
that their product shall be 162. 

• Ans, 27 and 6. 
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Prob. 13. What two numbers are those whoso sum 
is 29 and product 100 ? 

Arts. 25 and 4. 

Prob. 14. The difference of two numbers is 6 ; and 
if 47 be added to twice the square of the less, it will 
be equal to the square of the greater. What are the 
numbers? - 

Ans. 1 and 7, or 11 and 17. 

Prob. 15. There are two numbers whose sum is 
30 ; and one third of their product, plus 18, is equal 
to the square of the less number. What are the 
numbers ? 

Ans. 9 and 21. 

Prob. 16. ,A farmer bought a certain number oi 
sheep far $120. If there had been 8 more, each sheep 
would have cost him half a dollar less ? How many 
sheep were there ? 

Ans. 40. 

Prob. 17. The plate of a looking-glass is 18 inches 
by 12, and is to be inclosed by a frame of uniform 
width throughout, whose area is to be equal to that of 
the glass. Required the width of the frame. 

Ans, 3 inches. 

Prob. 18. What two numbers are those whose sum 
IS 19, and whose difference, multiplied by the greater, 
is 80? 

Ans. 12 and 7. 

Prob. 19. A boy, being asked his age, replied, If 
you add the square root of it to half of it, and subtract 
12, there will remain nothing. Required his age. 

Ans. 16. 
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Prob. 20. H is required to find a noinber whoee 
square exceeds its first power by 210. 

Ans. 15. 

EQUATIONS OF THE SECOND DEGREE WITH MORE THAN ONB 

UNKNOWN QUANTITY. 

(172.) An equation containing two unknown quan- 
tities, is said to be* of the second degree when the 
greatest sum of the exponents of the unknown quan- 
titles in any term is equal to two. Thus, 

3aif-Ax+y'=25j 
and 7a;y— 4a;+y=40, 

are equations of the second degree. 

(173.) When we have given two such equations 
containing two unknown quantities, we may, by the 
methods of Art. 108-113, eliminate one of them, and 
obtain a new equation containing but one unknown 
quantity. The solution of two equations of the sec- 
ond degree containing two unknown quantities, gener- 
ally involves the solution of an equation of the fourth 
degree containing one unknown quantity. Hence the 
principles hitherto established are not sufficient to 
enable us to solve all equations of this description. 
In some cases, however, the resulting equation is of 
the second degree, and may be solved by the preced- 
ing rules. 

Ex. 1. GUven xy=81 

x^ Q ^ to find the values of x and jf. 



QoxsT.— What is an equation of the second degree containing two 
Bnknown qaantitiea? How do we solve equations of the second d^ 
gree containing two unknown quantitiM ? 
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From the second equation, x=9i/. 

Salstitating this value in the first equatioui we have 

9y'=81. 
Whence }/'=9, 

and y«==t3. 

Hence a;:^±27. 

Ex. 2. G-iven x+y : x : 1 5 : 3, ) to find the values of 

xy=6j ) X and p. 

From the first equation, we find 

3a;+3y=5a; 

Sssc 
Whence y = -x-. 

Substituting this value in the second equatioui we 
obtain 

Therefore, a;'=9, 

and a?=±3. 

2x 
Whence y=— =±2. 

Ex. 3. Q-iven a;'+y'=34, ) to find the values of x 

xy =15, ) and y. 

Adding twice the second equation to the first, we 
obtain 

a'+2a^+y"=64 ; 

and extracting the square root, 

x+y^S. (a) 
Subtracting twice the second equation firom the 
first, we obtain 

x^-2xy+if=A. 
Whence a;-y=2. (b) 

K 
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Adding equation (a) to equation (b)y we have 

2a;=10, 
and x=5. 

Whence, from equation (a), y=3. 

Ex. 4. Griven x+p : a; : : 7 : 5, ) to find the values ol 

xy+y*=126, ) x and p. 

From the first equation we obtain 

5x+5p=7x. 

5p 
Whence ^""o"- 

Substituting this value for x in the second equation, 

-f+y'=126. 

Whence y'=36j 

And y==t:6. 

Therefore, x= ± 15. 

Ex. 5. Griven x+p : x—p : : 8 : 1, ) to find the values 

icy=63, ) of a; and p. 
Ans. a:=db9, y=db7. 

Ex. 6. GFiven x +p =21, ) to find the values of x 

a;'— y'=63, J and p. 

Ans. a:=12, y=9. 
Ex. 7. Given x+p= 23, ) to find the values of 3i 

xp=120, J and^. 

From the first equation we have 

a;=23-y. 
Multiplying each member by y, 

xp=23p-p'=120. 
Completing the square and extracting the root^ 

23 ^7. 
^•"2-^=^2 



BQVATIOMS OF THE SECOND DEQBEE. 219 

VHienoe y=15 or 8, 

and a;=8 or 15. 

Ex. 8. G-iven x +i/ = 20) ) to find the valaes of a 

a;«+y«=218, J and p. 

Ans. a;=7, y=13. 

Ex. 9. Q-iven x— y= 15, ) to find the values of x 

3i^=2y\ ) and y. 

A 1Q 25 ^ 5 

Ans. a;=18 or -^, y=3 or — ^« 

lOrc+y ) 

Ex. 10. Q-iven = 3, f to find the valaes of x 

9Aa:=18,) ^^^• 

Ans. a;=2 or — ^j y=4 or «. 

Ex. 11. Q-ivenrc+yirc— y: :13 :5, ) to find the val- 

y'+a:=25, ) ues of a; and p. 
Ans. x=9j y=4, 

Ex. 12. Q-iven a;'+3a;y— y'=23, ) to find the values 

x+2t/ = 7, ) of a; and y. 
Ans. x=3j y=2. 

Ex.13. Qiven2a;'+a;y-5y'=20, ) to find the values 

2a;— 3y = 1> ) of a; and p. 

Ans. x=5y y=3. 

Ex. 14. Qiven a;'+y'=281, ) to find the values of x 

a;'-y"=231, ) and y. 

Ans. a;=16| y^5. 

Ex. 15. Qiven y"+4a;=2y+ll, ) to find the values 

a;+4y=14, ) of a; and y. 
Ans. a;=2 or —46, y=3 or 15. 

Ex. 16. What two numbers are those whose differ* 



1 
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enoe, multiplied by the greater, produces 40; and 
whose difference, multiplied by the less, produces 151 

Let x= the greater niamber, 
and p= the less number. 

Then a;*-a;y=40, 

and a;y— y*=15. 

Subtracting the second equation from the first, 

x'-2xy+y'=25, 
and extracting the square root. 

Therefore, from the first equation, 

±5a;=40, 
and x= ±8. 

Also, y= ±3. 

Ex. 17. What two numbers are those whose differ- 
ence, multiplied by the less, produces 42; and whose 
difference, multiplied by their sum, produces 133? 

Let x= the greater number, 
and y= the less. 

Then xy-y'^42, 

ana x^-p'=133. 

Subtracting twice the first equation from the sec- 
ond, we obtam 

ic'-2a;y+y'=49. 

Extracting the square root, 

rr— y=±7. 

Therefore, from the first equation, 

±7^^=42, 
and y=±6. 

Hence a;=±13. 

Ex. 18. What number is that the sum of vAose 
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digits is 15; and if 31 be added to their product, the 

digits will be inverted ? 

Ans. 78. 

Ex. 19. What two numbers are those whose product 

is 54, and quotient is 6 ? 

Ans. 3 and 18. 

Ex. 20. The product of two numbers is a, and their 

quotient is b. What are the numbers ? 

Ans. ->/ ab andy r* 

o 

Ex. 21. The sum of ihe squares of two numbers is 

260, and the difference df their squares 132. What 

are the numbers ? 

Ans. 8 and 14. 

Ex. 22. The sum of the squares of two numbers is 

0, and the difference of i^eir squares is b. What are 

the numbers ? 

. la+b . la—b 

Ex. 23. Find two numbers which are to each other 
as 3 to 4, and the sum of whose squares is 400. 

Ans, 12 and 16. 
Ex. 24. Find two numbers which are to each other 
as 2 to 3, and the dLference of whose squares is 125. 

Ans. 10 and 15. 
Ex. 25. Divide the number 16 into two parts, such 
that the product of the two parts, added to the sum 
of their squares, may be equal to 208. 

Ans. 4 and 12. 
Ex. 26. What two numbers are those whose product 
is 255, and the sum of whose squares is 514 ? 

Ans. 15 and 17. 



822 ELEBfENTS OF ALGEBRA. 

Ex. 27. What two numbers are those whose differ- 
ence is 8, and the sum of whose squares is 544 ? 

Ans. 12 and 20. 

Ex. 38. What two numbers are those whose sum is 
41, and the sum of whose squares is 901 ? 

Ans. 15 and 26. 

Ex. 29. What two numbers are those whose product 
is 120 ; and if the greater be mcreased by 8, and the 
less by 5, the product of the two numbers thus ob- 
tamed shall be 300 ? 

Ans, 12 and 10, or 16 and 7J^. 

Ex. 30. Divide the number 100 into two such parts 
that the sum of their square roots may be 14. 

An^. 36 and 64. 

Ex. 31. From two places at a distance of 720 miles, 
two persons, A and B, set out at the same time to meet 
each other. A traveled 12 miles a day more than B, 
and the number of days in which they met was equal 
to half the number of miles B went in a day. How 
many miles did each travel per day ? 

Ans, A 36 miles, and B 24 miles. 

Ex. 32. A tailor bought a piece of cloth for $120, 
from which he cut four yards for his own use and sold 
the remainder for $120, gaining one dollar per yard. 
How many yards were there, and what did it cost him 
per yard ? Ans. 24 yards at $5 per yard. 

Ex. 33. The fore wheel of a carriage makes five 
revolutions more than the hind wheel in going 60 
yards ; but if the circumference of each wheel be in- 
creased one yard, it will make only three revolutions 
more than the hind wheel in the same space. Ro- 
nuired the circumference of each. 

ins. Fore wheel 3 yaxdS) QLiu3L\mi<^.'^\ii^l4 yards. 



SECTION XIII. 

RATIO AND PROPORTION. 

(174.) Numbers may be compared in two ways, 
either by means of their difference^ or by their qtKu 
tient. "We may inquire how much one quantity is 
greater than another, or how many times the one con- 
tains the other. One is called Arithmetical, and the 
other G-eometrical Ratio. 

(175.) The difference between two numbers is called 
their Arithmetical Ratio, Thus the arithmetical ratio 
of 9 to 7 is 9—7 or 2; and if a and b designate two 
numbers, their arithmetical ratio is designated by a —6. 

(176.) Numbers are more generally compared by 
means of quotients ; that is, by inquiring how many 
times one number contains another. The quotient of 
one number divided by another is called their Geomet- 
rical Ratio. The term Ratio, when used without any 
qualification, is always understood to signify a geomet- 
rical ratio ; and we shall confine our attention to ratios 
of this description. 

(177.) By the ratio of two numbers, then, we mean 

the quotient which arises from dividing one of these 

numbers by the other. 

12 
Thus the ratio of 12 to 4 is represented by -j- or 3, 



QuBBT. — In how many ways may numbers be compared t What ii 
iLrithmetical Ratio 7 What is Oeometrical Ratio 7 
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If a and b represent two quantities of the same kind, 
the ratio of a to 6 is the quotient arising from dividing 
a by 6, and may be represented by writing them a: 6, 

or T* ^1^6 fi^^ term, a, is called the antecedent of 
o 

the ratio ; the last term, 6, is called the consequent 

of the ratio. 

Ilenoe it appears that the theory of ratios is included 
in the theory of fractions ; and a ratio may be consid- 
ered as a fraction whose numerator is the antecedent^ 
and whose denominator is the consequent. 

(178.) Proportion is an equality of ratios. 

Thus, if we take four numbers, 

3, 4, 9, 12, 
such that the quotient of the first, divided by the sec 
ond, is equal to the quotient of the third divided hy 
the fourth, the numbers are said to be proportional, 
and the proportion may be written 

3__9 
4""12' 
or 3 : 4 : : 9 : 12. 

In general, if a, b, c, d are four quantities such thai 
a, when divided by 6, gives the same quotient as c 
when divided by rf, then a, 6, c, d are called proper* 
tionalSj and we say that a is to 6 as c is to <// and 
this is expressed by writing them thus : . 

a\b\:c\dj 
or a:b=c:df 

or — =— . 

* d 



Quest. — Define the terms antecedent and consequent What is a 
proportion 7 
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(179.) In ordinary language, the terms ratio and 
proportion are confounded with each other. Thus 
two quantities are said to be in the proportion of 3 to 
5 instead of the ratio of 3 to 5. In strictness, how- 
ever, a ratio subsists between two quantities, a pro- 
portion only between fot^r. Ratio is the quotient 
arising from dividing one quantity by another; two 
equal ratios form a proportion. 

(180.) In the proportion 

a:b::c:dy 
a, bj Cy d are called the terms of the proportion. The 
first and last terms are called the extremes^ the second 
and third the means. The first term is called the 
first antecedent y the second term the first consequent y 
the third term the second antecedent^ and the fourth 
term the second consequent. The last term is said to be 
a fourth proportional to the other three taken in order. 

(181.) The word term^ when applied to a proportion, 
is used in a slightly different sense from that explained 
in Art. 12. The terms of a proportion may be poly- 
nomials. Thus 

a+b : c+d : : e+f : g+h. 

(182.) Three quantities are said to be in propor- 
tion when the first has the same ratio to the second 
that the second has to the third, and then the middle 
term is said to be a msan proportional between the 
oilier two. For example, 

2:4::4:8, 
where 4 is a mean proportional between 2 and 8. 

QuBBT. — Explain the difieroDce between a ratio and a proportion? 
How are the terms of a proportion distinguished t When ^e three 
qoantitiei said to be proportional f 
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(183.) If four quantities are proportional, the prod* 
uct of the two extremes is equal to the product of the 
two means. 

Let a:b::c:d; 

then will ad=bc. 

For, sinoe the four quantities are proportional, 

Vd' 

and, by clearing the equation of fraotionsy we have 

ad'=bc. 

Thus, if 3:4::9:12, 

then 3x12=4x9. 

(184.) Conversely, if the product of two quantities 
is equal to the product of two others, the first two 
quantities may be made the extremes^ and the other 
two the means of a proportion. 

Let ad=bc; 

then will a:b::c:d. 

For, since ad=bCj 

dividing each of these equals by bd the e:q>ression 
becomes 

b'^d' 
that is, a:b::c:d. 

Thus, if 3x12=4x9, 

then 3:4::9:12. 

(185.) The preceding proposition is called the test 
of proportions, and any change may be made in the 
form of a proportion which is consistent with the ap- 

Qur.8T. — If four quantities are proportioDal, by what property may 
they be diatinguished 7 How may every equation be converted into 
H proportion » 



RATIO AND PROPORTION. 227 

• 

plkj&tion of this test. In order, then, to decide wheth- 
er four quantities are proportional, we must compare 
the product of the extremes with the product of the 
means. 

Thus, to determine whether the numbers 5, 6, 7, 8 
are proportional, we multiply 5 by 8, and obtain 40. 
Multiplying 6 by 7, we obtain 42. As these two prod- 
ucts are not equal, we conclude that the numbers 
6, 6, 7, 8 are not proportional. 

Again : take the numbers 5, 6, 10, 12. The prod* 
uct of 5 by 12 is 60, and the product of 6 by 10 is also 
60. Hence these numbers are proportional ; that is, 

5 : 6 : : 10 : 12. 

(186.) If three quantities are in continued propor- 
tion, the product of the extremes is equal to the square 
of the mean. 

If a:b::b:Cy 

then, by Art. 183, ac=bbi which is equal to £"• 

Thus, if ' 3:6r:6:12, 

then 3x12=6'. 

(187.) Conversely, if the product of two quantities 
is equal to the square of a third, the last quantity is 
a mean proportional between the other two. 
Thus, let ac=b\ 

Dividing these equals by &c, we obtain 

a b 

or aibwbic, 

^■^^^— ^— ^^— ^— ^— — M^—^»— ■ 

QvssT. — How may we determine whether four quantities are pro- 
poitioDalf When three quantities are in continued proportion, by 
what property are they distinguished f How is a mean proportiona 
between two qoantities iband f 
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Thus, if 4x9=6', 

then 6 is a mean proportional between 4 and 9. 

Examples. 

1. G-iven the first three terms of a proportion, 2i, 
15, and 40, to find the fourth term. 

2. G-iven the first three terms of a proportion, 2ab% 
Aa^Vy and 9a'6, to find the fourth term. 

3. Given the last three terms of a proportion, Aa*b\ 
3a'6', and 2a*&, to find the first term. 

4. Given the first, second, and fourth terms of a 
proportion, 5y*, 7a;y> and 21a;Vj to find the third term. 

5. Given the first, third, and fourth terms of a pro. 
portion, 22, 72, and 252, to find the second term. 

6. Are the quantities 25, 70, 78, and 218 propor- 
tional ? 

7. Resolve the equation 22x105=33x70 into a 
proportion. 

(188.) Ratios that are equal to the same ratio an 

equal to each other. 

Let a:b::x:yj\ .. .„ , , 

J , } then will a:6::c:rf. 

and c:a::z:Pf ) 

For, since aibiixiy^ 

n a X 

we have t=-. 

And since c:d::x:py 

, ex 

we have -;=-. 

d y 

Therefore f=^, 

o a 

and hence a\b\\c\d. 



QuRST.— Compare two ratios tha« are equal to the same ratio. 
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Thns, if 


2:7::18:63, 






and 


2:7::22:77, 






then 


18:63::22:77. 






(189.) If four quantities are proportional, tlwy 


will 


be proportional by alternation; that is, th^ first 


will 


have the same 


ratio to the third that th^ 


econd has 


to the 'fourth. 


■ 






Let 


a:b::c:d 






then will 


aicwbi^n 


« 




For, since 


a lb 1 1 if dy 






by Art. 183, 


ad^J f ; 






and since 


ad-' bcj 




• 


by Art. 184, 


a:c :b:d. 






Thus, if 


4:( 28:42, 







then, by alternatiop . 

'^.28::6:42. 

(190.) If four qu*»ntities are proportional, they will 
be proportional by inversion ; that is, the second will 
have to the firs^ he same ratio that the fourth has 
to the third 

Let a:b::c:d; 

the*i f/iil b:a::d:c. 

For, since aibiicid, 

by Art. 188, ad=bCy 

or bc=^ad. 

Therefore, by Art. 184, 

b: aiidic. 

Thusyif 5:12::15:36, 

then 12:5::36:15. 

QuBST.— Explain the principle of altomation. Explain the principle 
•tf inTenion. 
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(191.) If four quantities are proportional, they will 
be proportional by composition ; that is, the sum of 
the first and second will have to the second the same 
ratio that the sum of the third and fourth has to the 
fourth. . 

Let aib::c:d; 

then iirill a+b :b:: c+d : d. 

For, since aibzicid, 

a c 

we have t=-v. 

o a 

Add unity to each of these equals, and we have 

^ . 1 ^ . H 0,-Yb c+d 
3+1=5+1, or —=-5-; 

that is, a+bib::c+did. 

Thus, if 7:11::21:33, 

then 7+11: 11:: 21+33: 33; 
that is, 18:11::54:33. 

(192.) If four quantities are proportional, they will 
be proportional by division ; that is, the difference of 
the first and second will have to the second the same 
ratio that the difference of the third and fourth has 
to the fourth. 



Let 
then wiU 
For, since 




a:b::c:d; 

a—bibixc—did. 

a:b::c:dj 


we have 




a c 
Vd' 


Subtract unity 
have 


from each of these equals, and wo 



QuasT.— Explain the principle of composition. Explain the princi- 
pie ofdivinon. 
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fliatisi a-^bibiic—did. 

Thus, if . 11:7::33:21, 

then ll-7:7::33-21:21; 

thatis, 4:7::12:21. 

(193.) Equal multiples of two quantities have the 
same ratio as the quantities themselves. 

The ratio of a to 6 is represented by the fraction 

a 

T ; and the value of a fraction is not changed if we 

multiply or divide both numerator and denominator 
by the same quantity. Thus, 

a ma 

b^mb' 
or a lb: I ma : mb. 

Thus, 5 : 7 : : 5w : 7w. 

(194.) If there is any number of proportional quan- 
tities all having the same ratio, the first will have to 
the second the same ratio that the sum of all the an^ 
tecedents has to the sum of all the consequents. 

Let a, bj c, dj Cj f be any number of proportional 
quantities, such that 

a:b::c:d::e:fj 
then will a:b:: a+c+e : b+d+f. 

For, since aibiicid^ 

we have ad=bc. 

And since a : 6 : : e :/, 

we have ^af=be. 

Quest.— Gompare eqaal moltiples of two qnantities. What princi- 
pie may be applied to any number of proportional quantities all having 
»ae same ratio? 
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To these eqnals add ab=baf 
and we obtain a{b+d+f)=b(a+c+e). "" 

Hence, by Art. 184, 

a\h\\ a+c+e : b+d+f. 
Thus, if we have 

2:3::4:6::8:12; 
then 2:3:: 2+4+8 : 3+6+12, 

or 2:3::14:21. 

(195.) If fonr quantities are proportional, like powers 
or roots of these quantities will also be proportional. 

Let a:b::c:d; 

then will a':6*::c':rf'; 

and a*:b*::c*: rf*, etc. 

For, since aibiicid^ 

a c 
we have t= j. 

b d 

Squaring each of these equal quantities, we have 

that is, a* : 6' : : c* : rf* ; 

and the same may be proved of the cube or any other 

power. 

Thus, if we have 

2:3::4:6; 
then 2':3'::4':6'; 

that is, 4:9:: 16:36. 

(196.) If there are two sets of proportional quanti- 
ties, the products of the corresponding terms will be 
proportional. 



Quest. — Compare like powers or roots of proportfonal qnantitiefl. 
What principle may be applied to two sets of proportional quantities I 
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Let a:b::c:dj 

and e :/: : g^: h ; 

then will ae : bf: icgidh. 

For, since aibiicid^ 

by Art. 183, ad=bc; 

and since e :/: :g:hj 

by Art. 183, eh=fg. 

Multiplying these equals together, we have 

aeXdh^bfXcg. 

Hence, by Art. 184, 

ae : bf: : eg : dh. 

Thus, if we have 2:3::4:6, 
and 5 : 7 : : 10 : 14 ; 

tiien 2X6:3X7:: 4x10: 6x14, 

or 10:21::40:84. 



SECTION HV. 

PROGRESSIONa 
ARITHBCETICAL PROGRESSION. 

(197.) An Arithmetical Progression is a series of 
quantities which increase or decrease by the continued 
addition or subtraction of the same quantity. 

Thus the numbers 

1, 3, 5, 7, 9, 11, etc., 
which are obtained by the addition of 2 to eaoh suo- 
oessive term, form wluit is called an increasing Arith- 
metical Progression ; and the numbers 

20, 17, 14, 11, 8, 5, etc., 
which are obtained by the subtraction of 3 from each 
successive term, form what is called a decreasing 
/Lriihmetical Progression. 

Problesi I. 

(198). To find any term of an Arithmetical Pro* 
gression. 

If a represent the first term of an increasing arith- 
metical progression, and d the common difference, the 
second term of the series will be a+d, the third a+2dy 
the fourth a+3cf, the fifth a+Ad^ etc. 

Quest.-- What is an Arithmetical Progression 7 What is an increaS' 
ing Progression? What is a ctecreasing Progression? How may we 
find any term of an Arithmetical Progression? 
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The ooeffioient of (2 in the second term is 1, in the 
third term 2, in the fourth'teTia 3, and so on ; that is, 
any term of the series is equal to the first term, plus 
as many times the common difference as there are 
preceding terms. 

If we represent any term of the series by /, and 
suppose n to be the number which marks the place of 
that term in the series, the expression for this term 
will be 

l=a+{n-l)d. 

(199.) Hence, if we put / to represent the last term 
of the series, we shall have the following 

Rule. 

The last term of an increasing arithmetical pro- 
gression is equal to the first termj plus the produci 
of the common difference into the number of termt 
less one. 

This rule enables us to find any term of a series 
without being obUged to determine all those which 
precede it. 

Examples. 

1. What is the fourth term of a series whose first 
term is 3 and common difference 2 ? 

Ans. 9. 

2. What is the sixth term of a series whose first 
term is 5 and common difference 3 ? 

Ans. 20. 

Quv' -Give the rale for finding the last term of an increasing 
arithi 4I progression. 
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3. What is the eighth term of a series whose first 
term is 7 and common difference 4 ? 

Ans^ 35. 

4. What is the tenth term of a series whose first 
term is 9 and conmion difference 5 ? 

Ans. 54. 

5. What is the twelfth term of a series whose first 
term is 11 and oonmion difference 6 ? 

Ans. 77. 

6. What is the twentieth term of a series whose 
first term is 13 and conmion difference 7 ? 

Ans. 146. 

7. What is the thirtieth term of a series whose first 
term is 15 and common difference 8 ? 

Ans. 247. 

8. What is the fortieth term of a series whose firs I 
term is 20 and common difference 9 ? 

Ans. 371. 

9. What is the fiftieth term of the series 

1, 6, 11, 16, 21, etc. ? 

• Ans. 246. 

10. What is the hundredth term of the series 

1, 7, 13, 19, 25, etc. ? 

Ans. 595. 
(200.) If a represent the first term of a decreasing 
arithmetical progression, and d the common difference, 
the second term of the series will be a— rf, the third 
a— 2d, the fourth a— 3rf, etc., and the expression for 
any term of the series will be 

l=a—{n^l)d. 
Hence, to find the last term of a decreasing arith 
metical progression, we have the following 
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Rule. 

The last term of^ a decreasing arithmetical pro* 
gression is equal to the first term^ minus the product 
of the common difference into the number of terms 
less one. 

Examples. 

1. If the first term of a decreasing progression is 
80, the number of terms 15, and the common differ 
enoe 5, what is the last term ? 

Ans. Z=a-(w-l)rf=80— 14x5=10. 

2. What is the twentieth term of a series whose 
first term is 53 and common difference 2 ? 

Ans. 15. 

3. What is the thirtieth term of a series whose first 
term is 114 and common difference 3 ? 

Ans. 27. 

4. What is the fiftieth term of a series whose first 
term is 223 and common difference 4 ? 

Ans. 32. 

5. What i^ the hundredth term of a series whose 
first term is 648 and common difference 6 ? 

Ans. 54. 

Problem II. 

(201.) To find the fum of the terms of an arith* 
metical series. 

Take any arithmetical series, aad under it set the 
same terms in an inverted order thus : 

Quest.—- How may we find the last term of a decreasing arithmetio> 
al progression 7 - How may we find the sam of the terms of an arith* 
metical series T 
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Let the series be 1, 3, 5, 7, 9, 11, 13, 15 ; 
the same series 
verted 



^— — J —1 ~W ~W ~t / 1 — — 

It ^" 1 ^^' ^^' ^^ ^' ^' ^' ^' ^• 



The sums are 16, 16, 16, 16, 16, 16, 16, 16. 

The sum of all the terms in the double series is 
equal to the sum of the extremes 1 and 15, repeated 
as many times as there are terms, that is, 8 times ; 
and this is double the sum of the terms of a single 
series. Henoe the sum of the terms of the proposed 
series is equal to 

(202.) In order to generalize this method, put S to 
represent the sum of the terms of the series 

a, a+dj a-f2cf, etc., 
continued to /, which we employ to represent the last 
term ; that is, 

S=a+a+d+a+2d+a+3d+ +/. 

Under it write the same series in an inverted order 
thus: 



S=l+l-d+l-2d+l-3d+ +a. 

If we add together the corresponding terms of the 
two series, we shall obtain 

2S=l+^+J+a+l+a+l+a+ . . . +l+a. 

If we represent the number of terms of the seriet 
by w, we shall have 

2S=n{l+a); 

whence S= -^-^ — -. 

(203.) Hence we derive the following 



\ 
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Rule. 

The sum of the terms of an arithmetical progress 
iion is equal to half the sum of ihe two extremes^ 
multiplied by the number of terms. 

We also see from the preoeding demonstration^ that 
ihe sum of the extremes is equal to the sum of any 
other two terms equally distant from the extremes. 

Examples. 

1. What is the sum of the natural series of num* 
bers Ij 2, 3, 4, 5, eto., up to 25 ? 

2. The extremes of an arithmetical progression are 

2 and 50, and the number of terms 17. What is the 
sum of the series ? 

Ans. 442. 

3. The extremes of an arithmetical progression are 
10 and 20, and the number of terms 6. What is the 
sum of the series ? 

Ans. 90. 

4. The extremes of an arithmetical progression are 

3 and 19, and the number of terms 9. What is the 
sum of the series ? 

Ans. 99. 

5. The extremes of an arithmetical progression arc 
5 and 595, and the number of terms 60. What is the 
sum of the series ? 

Ans. 18000. 

Quest. — Give the rale for findiDg the sum of the temiB of an aritb 
uetica] progreAsion. Elzplain the reamn of tho mlc. 
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6. The extremes of an arithmetical progression are 

5 and 92, and the number of terms 30. What is the 

tmn of the series? 

Ans. 1455. 

7. What is the sum of 100 terms of the series 

1, 3, 5, 7, 9, etc. ? 

Ans. 10000. 

(204.) If we take the equation 

/=a+(»-lK 
and transpose the term (»— l)^^, we obtain 

a=Z— (n— l)rf; 
that is, the first term of an increasing arithmetical 
progression is equal to the last term^ minus the prod* 
uct of the common difference by the number of terms 
less one, 

(205.) If we transpose the term a^ and divide by 
»— 1, we obtain 

, I — a 

^=;Pi5 

that is, in an arithmetical progression, the common 
difference is equal to the difference between the two 
extremes f divided by the number of terms less one. 

Examples 

1. The last term of a progression is 48, the first 
term 6, and the number of terms 15. What is the 
common difference ? 

Ans. 3. 

Quest. — How may we find the fint term of an increasing progrei^ 
iion 7 How may we find the common difierenoe in an arithmetical 
pvogreadont 
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2. The last term of a progression is 68, the first 
term 8, and 'the numb^ of terms 16. What is the 
common difference ? 

Arts. 4. 

3. The last term of a progression is 105, the first 
term 10, and the nmnber of terms 20. What is the 
oonmion difference ? 

Ans, 5. 

Problem III. 

(206.) To find any number of arithmetical means 
between two given numbers. 

In order to solve this problem, we must first find 
the common difference. The whole number of terms 
of the series consists of the two extremes and all the 
Intermediate terms. If, then, m represent the re- 
quired number of means, m+2 will be the whole 
number of terms. 

By substituting m+2 for n in the formula. Art. 205, 
we obtain 

"^^m+l ' 
that is, the common difference of the required sertes 
is equal to the difference between the two given num» 
bersy divided by the number of means plus one. 

Having obtained the common difference, the re- 
quired means are easily obtained by addition. 

Ex. 1. Find 9 arithmetical means between 2 and 32. 

(/= — -rss =3, the common difference, 

m+l lU 



Quiurr. — How may we fiud any number of arithmetioal meftni b** 
iwccD two numbers t 

L 
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Hence the progression is 

2, 5, 8, 11, 14, 17, 20, 23, 26, 29, 32. 

Ex. 2. Find 10 arithmetical means between 3 and 58. 
Ans. 8, 13, 18, 23, 28, 33, 38, 43, 48, and 53. 

Ex. 3. Find 6 arithmetical means between 1 and 50. 

Ans. 8, 15, 22, 29, 36, and 43. 

(207.) Examples. 

1. A student bought 7 books, the prices of which 
were in arithmetical progression. The price of the 
cheapest was 5 shillings, and the .price of the dearest 
23 shillings. What was the price of each book ? 

Ans. 5, 8, 11, 14, 17, 20, and 23 shillings. 

2. What is the ^th term of the series 

1, 3, 5, 7, 9, etc. ? 

Ans. 2»— 1; 
that is, the last term of this series is one less than 
twice the number of terms. 

3. What is the sum of n terms of the series 

1, 3, 5, 7, 9, etc. ? 

Ans. n* ; 
that is, the sum of the terms of this series is equal to 
the square of the number of terms. 
Thus, 1+3 = 4=2% 

1+3+5 = 9=3S 
1+3+5+7 =16=4', 
1+3+5+7+9=25=5*. 

4. What is the sum of n terms of the series 



Quest. — What is the last term of the series of odd nnmbers begin' 
ning with unity ? What is the sum of the series of odd numbers be- 
ginning with unity t 
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1, 2, 3, 4, 5, etc. ? 

Ans, -^-^ — -. 

6. What is the sum of n terms of the series 

2, 4, 6, 8, 10, etc ? 

Ans, n{n+l) 

6. One hundred stones being placed on the ground 

in a straight line, at the distance of two yards from 

each other, how far will a person travel who shall 

bring them one by one to a basket which is placed 

^ two yards from the first stone ? 

Ans. 20,200 yards. 

GEOMETRICAL PROGRESSION. 

(208.) A Geometrical Progression is a series oj 
quantities^ each of which is equal to the product of 
that which precedes it by a constant number. 

Thus the series 

2, 4, 8, 16, 32, etc., 
and 81, 27, 9, 3, etc., 

are geometrical progressions. In the former, each 
number is derived from the preceding by multiplying 
it by 2, and the series forms an increasing geometrical 
progression. In the latter, each number is derived 
from the preceding by multiplying it by J, and the 
series forms a decreasing geometrical progression. 

In each of these cases the common multiplier is 
called the common ratio. 



Quest. — What is a Oeometrical Progression 7 What is an increasing 
progression 7 What is a decreasing progression 7 What is the com 
mon ratio 7 
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Problem FV. 

(209.) To find any term of a geometrical progres* 
ston. 

If a represent the first term of the progression, and 
r the common ratio, the second term of the series will 
be ar, the third ar'y the fourth ar*j the fifkh ar*, etc. 

The exponent of r in the second term is 1, in the 
third term is 2, in the fourth term is 3, and sp on; 
hence the exponent of r in the ^th term of the series 
will be n—1 ; that is, the nih term of the series may 
be written 

ar'^K 

If we represent any term of the series by /, and sap- 
pose n to be the number which marks the place of 
that term in the series, the expression for this term 
will be 

l=ar'^K 

(210.) Hence, if we put / to represent the last term 
of the series, we shall have the following 

Rule. 

The last term of a geometrical progression is equal 
to the product of the first term by that power of the 
ratio whose exponent is one less than the number of 
terms. 

This rale wiU enable us to find any term of a series 
without being obliged to determine all those which 
precede it. 

Quest. — How may we find any term of a geometrical progression f 
Give the nile for the last term of a geometrical progression. Explain 
the reason of the rule. 
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Examples. 

1. What is the sixth term of a geometrical progres- 
flion whose first term is 3 and common ratio 3 ? 

Ans. /=ar^-i=3x2*=3x32=96. 

2. What is the seventh term of a geometrical pro- 
gression whose first term is 4 and common ratio 3 ? 

Ans. 2916. 

3. What is the eighth termi of a progression whose 
first term is 5 and common ratio 4 ? 

Ans. 81920. 

4. What is the ninth term of a progression whose 
'first term is 6 and common ratio 3? 

Ans. 39366. 

5. What is the tenth term of a progression whose 
first term is 7 and common ratio 2 ? 

Ans. 3584. 

6. What is the ninth term of the series 

1, 3, 9, 27, 81, etc. ? 

^Ans. 6561. 

7. What is the eighth term of the series 

1, 4, 16, 64, 256, etc. ? 

Ans. 16384- 

8. What is the seventh term of the series 

1, 5, 25, 125, 625, etc.? 

Ans.. 15625. 

Problem V. 
(211.) To find the sum of the terms of a geomet^ 
rical progression. 

li we take any geometrical series, and multiply 

Quest. — How may we find t&e sum of the terms of a geomfttxica] 
prugre8sion f 



246 ELEMENTS OF ALGEBRA. 

each of its terms by the ratio, a new series will be 
formed, of which every term, except the last, will have 
its corresponding term in the first series. Thus, take 
the series 

, 1,3,9,27,81, 
the sum of which we will represent by iS, so that 

S=l+3+9+27+81. 

Multiplying each term by 3, we obtain 
3S=3+9+27+81+243. 

The terms of the two series are identical, except 
the first term of the first series and the last term of 
the second series. If then we subtract one of these 
equations from the other, all the remaining terms will 
disappear, and we shall have 

3S-S=243-1, 

Q 243-1 

(212.) In oHer to generalize this method, let a, ar, 
ar*, etc., represent any geometrical series, the last term 
of which is /, and let S represent the sum of all the 
terms ; then 

S=a+ar+ar'+ar*+ +L 

Multiplying this equation by r, we obtain 
rS=^ar+ar'+ar^-\'ar^-\' +/r. 

Subtracting the first equation from the second, all 
the terms in the second members disappear, except the 
first term of the first series and the last term of the 
second series, and we obtain 

rS^S=lr—a; 

whence £f=— Z_ 

r-1 
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(213.) Hence, .to find the sum of the terms of a 
geometrical progression, we have the following 

Rule. 

Multiply the last term by the ratioy subtract the 
first termj and divide the remainder by the ratio less 
one. 

Examples. 

1. What is the sum of nine terms of the series 

1, 3, 9, 27, 81, etc. ? 
We have already found the ninth term of the series 
to be 6561. 

^ Ir-a 6561x3-1 19682 ^^^, 

Hence S= r= w—:: =—rz — =9841. 

r— 1 3—1 2 

2. What is the sum of eight terms of the series 

1, 4, 16, 64, etc. ? 

Ans. 21846. 

3. What is the sum of 14 terms of the series 

1, 2, 4, 8, 16, etc. ? 

Ans. 16383. 

4. The extremes of a geometrical progression are 

3 and 12288, and the common ratio 2. What is tho 
sum of the series ? 

Ans. 24573. 

5. The extremes of a geometrical progression are 

4 and 78732, and the common ratio 3. What is tho 
sum of the series ? 

Ans. 118096. 

6. What debt may be discharged in 12 months by 

QaxsT.— Give the rale for the sum of the terms of a geometrical pro- 
gretsion. Explain the reaaon of the rule. 
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paying one dollar the first month, two dollars the seo- 

ond month, four dollars the thirds and so on, each suo- 

oeeding payment being double the last ; and what 

will be the last payment ? 

Ans. the debt is $4095, 

the last payment $2048. 

(214.) When the progression is a decreasing one, 

and r consequently represents a fraction, the expres* 

Bion for the sum of the series is written 

a— Zr 

1— r 
in order fhat both terms of the fraotion may be positive. 

Ex. 1. What is the sum of 9 terms of the progression 
♦ 1536, 768, 384, etc. ? 

Here/=1536x(i)'=6. Hence S= "^^^~^ =3066. 

Ex. 2. What is the sum of 11 terms of the progres- 
sion 5120, 2560, 1280, etc. ? 

Ans. 10235. 
Ex. 3. What is the sum of 12 terms of the progres- 
sion 8192, 4096, 2048, etc. ? 

Ans. 16380. 
Ex, 4. What is the sum of-7 terms of the progression 
15625, 3125, 625, etc. ? 

Ans. 19*531. 
Ex. 5. What is the sum of 8 terms of the progression 
32768, 8192, 2048, etc. ? 

Ans. 43690. 
Ex. 6. What is the sum of 9 terms of the progression 
19683, 6561, 2187, etc. ? 

Ans. 29523. 



QuiBT.— What is the sam of the terms of a decreasing progression f 
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Problem VI. 

(215.) To find a mean proportional between two 
numbers. 

According to Art. 187, if d is a. mean proportional 
between a and c, we shall have 

V=ac ; 

and hence &= Vac / 

that is, to find a mean proportional between two num- 
bers, multipl'tf the Itwo numbers together^ and extract 
the square root of their product. 

Ex. 1. What is the geometrical mean between the 
numbers 4 and 9 ? 

Ans. '•4x9=6. 

' Ex. 2. What is the geometrical mean between the 
numbers 4 and 25 ? 

Ans. 10. 

Ex. 3. What is the geometrical mean between the 
numbers 9 and 16 ? 

Ans. 12. 

Ex. 4. What is the geometrical mean between the 
numbers 4 and 49? 

Ans. 14. 

Ex. 5. What is the geometrical mean between the 
numbers 9 and 25 ? 

Ans. 15. 

Ex. 6. What is the geometrical mean between the 
numbers 4 and 81 ? 

Ans. 18. 

QuisT. — How may we find a mean proportional between two nam* 
.bent 

L2 
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Ex. 7. What is the geometrioal mean between the 
numbers 16 and 25 ? 

ins. 20. 

(216.) Of decreasing progressions having an in- 
finite number of terms. 

In a decreasing progression, the expression for tho 
sum of the series is 

a—lr 

1— r 
For / substitute its value af^\ and we obtain 

1— r 

which may be written 

a ar^ 



S=' 



l—r l—r 

In a decreasing progression, since r is less than 

unity, r° is less than unity ; and the larger the number 

n, the smaller will be the quantity r°. If, therefore, 

we take a very large number of terms of the series, the 

ar^ 
quantity r°, and consequently the term t^—j will be 

very small ; and if we take n greater than any assign- 

ar^ 
able number, then =-— will be less than any assign- 
able number, and may be neglected ; that is, when 
the number of terms is infinite, we have 

S=z — . 
l—r 

(217.) Hence the sum of an infinite series decreas- 
ing in geometrical progression is found by the fol- 
lowing 
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Rule. 

Divide the first term by unity diminished by the 
roiio. 

Ex. 1. Find the sum of the infinite series 

,111' 

1+2+4+8"^' 
Here a=l, r=J. 

a 1 

Therefore iS== =. — 7-=2. 

1-r l-i 

Ex. 2^ Find the sum of the infinite series 



Ans, 5. 



Ex. 3. Find the sum of the infinite series 



Ans. s. ' 
Ex. 4. Find the sum of the infinite series 

Ans. J. 
4 

Ex. 5. Find the sum of the infinite series 

^■^io'*'ioo"^iooo'*'* ^^' 

A 10 

Ans. •^. 

HVK8T. — Give the rale for the sam of an infinite decreanng series. 
Explain the reason of the role. 



(218.) MISCELLANEOUS PROBLEMS. 

Prob. 1. Find a number such that one third there- 
of, increased by one fourth of the same, shall be equal 

to one sixth of it, increased by 30. 

Am. . 72. 

Prob. 2. Divide $1340 among three persons, A, B, 
and C, so that B may receive $100 more than A, and C 
$180 more than B. How much should each receive ? 

Ans. A $320, B $420, C $600. 
Prob. 3. In a mixture of wine and cider, one half 
of the whole, plus 21 gallons, was wine ; and one third 
part, minus 6 gallons, was cider. How many gallons 
were there of each ? 

Ans. 66 of wine and 24 of cidei. 
Prob. 4. A's age is double of B's, and B's is triple 
of C's, and the sum of all their ages is 120 years. 
What is the age of each ? 

Ans. A's is 72, B's is 36, and C's is 12 years. 
Prob. 5. Two persons, A and B, lay out equal sums 
' of money in trade ; A gains $504, and B loses $348, 
and A's money is now double of B's. What sum did 
each lay out ? 

Ans. $1200. 
Prob. 6. A gentleman bought a chaise, horse, and 
harness for $315. The horse came to twice the price 
of the harness, and the chaise to twice the price of the 
horse and harness. What did he give for each ? 
Ans. $210 for the chaise, $70 for the horse, and 
$35 for the harness. 
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Prob, 7. TwQ persons, A and B, have both the same 
income. A saves one fifth of his yearly ; but B, by 
spending $500 per year more than A, at the end of 4 
years finds himself $1000 in debt. What was his 
income ? 

Ans. $1250. 

Prob. 8. A person in play lost one fourth of his 
money, and then won $3; after which he lost one 
third of what he then had, and then won $2. Lastly, 
he lost one seventh of what he then had, and found 
he had but $12 remaining. What had he at first ? 

Ans. $20.' 

Prob. 9. A person goes to a tavern with a certain 
sum of money in his pocket, where he spends 8 shil- 
lings. He then borrows as much money as he had 
left, and going to another tavern, he there spends 8 
shillings also. Then borrowing again as much money 
as was left, he went to a third tavern,* where likewise 
he spent 8 shillings, and borrowed as much as he had 
left ; and again spending 8 shillings at a fourth tav- 
ern, he then had nothing remaining. What had he 
at first ? 

Ans. 15 shillings. 

Prob. 10. A father gives to his five sons $950^ 
which they are to divide according to their ages, so 
that each elder son shall receive $20 more than hii 
next younger brother. What is the share of the 
youngest ? 

Ans. $150. 

Prob. 11. A gentleman has two horses and two sad- 
dles, one of which cost $30, the other $5. If he 
places the best saddle upon the first horse, and the 
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I 

worst upon the second, then the latter is worth 
more than the other. But if he puts the worse saddle 
upon the first horse, and the best upon the other, then 
the latter is worth twioe as much as the first. What 
is the value of each horse ? 

Ans. The first $50, the second $80. 

• 

Prob. 12. There are two numbers whose sum is 37, 
and if three times the less be subtracted firom four 
times the greater, and this difference be divided by 6, 
the quotient will be 6. What are the numbers ? 

Ans. 16 and 21. 

Prob. 13. Find three numbers such that the first, 
with half the sum of the second and third, shall be 
120 ; the second, with one fifth the difference of the 
tMrd and first, shall be 70 ; and half the sum of the 
three numbers shall be 95. 

Ans, 50, 65, and 75. 

Prob, 14. A banker has 2640 coins of two kinds, 
and there are four and a half times as many of one 
tort as of the other. How many has he of each sort ? 

Ans, 480 and 2160. 

Prob. 15. Divide the number a into two such parts 

that one may be m times as great as the other. 

. a _ fna 

Ans. — rrr and 



m+1 m+1* 

Prob, 16. How much money have I in my pocket 
when the fourth and fifth parts of the same together 
amount to $9 ? 

Ans. $20. 

Prob. 17. Divide the number 46 into two parts, 
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BO that when the one is divided by 7, and the other by 
3, the quotients together may amount to 10. 

Ans. 28 and 18. 

Prob, 18. A fortress has a garrison of 2600 men, 
among whom there are 9 times as many foot soldiers, 
and 3 times as many artillery soldiers, as cavalry. 
How many of each corps are there ? 

Ans. 200 cavalry, 600 artillery, and 1800 foot, 

Prob. 19. I have a certain number in my thoughts, 
says A to B ; try to guess it. I multiply it by 7, add 
3 to the product, divide this by 2, subtract 4 from the 
quotient, and obtain 15. What number is it? 

Ans. 5. 

Prob. 20. There are three numbers such that the 
second, divided by the first, gives 2 for a quotient and 
1 for a remainder ; while the third, divided by the 
second, gives 3 for a quotient with the remainder 3. 
The sum of these three numbers is 70. "What are the 
numbers ? 

Ans. 7, 15, and 48. 

Prob. 21. An arithmetician desires his scholars to 
find a number which he has in his mind from the fol- 
lowing data. If, says he, you multiply the number 
by 5, subtract 24 from the product, divide the remain- 
der by 6, and add 13 to the quotient, you will obtain 
this same number. What number is it ? 

Ans. 54. 

Prob. 22. Two purses together contain $300. If 
we take $30 out of the first and put it into the sec- 
ond, there will be the same sum in each. How much 
does each contain ? 

Ans. -The fiirst $180, the second $120 
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Prob. 23. A says to B, give mo $100, and then I 
shall have as muoh money as you. No, says B to A, 
give me rather $100, and then I shall have twice as 
much as yon. How muoh has each ? 

Ans. A $500 and B $700. 

Prob. 24. Find two numbers of the following prop- 
erties. When the one is multiplied by 2, the other % 
5y and both products added together, the sum is 31 ; 
on the other hand, if the first be multiplied by 7, the 
second by 4, and both products added togetiier, we 
obtain 68. 

Ans. The first is 8, the second is 3. 

Prob, 25. In the composition of a certain quantity 
of gunpowder, the nitre was ten pounds more than 
two thirds of the whole ; the sulphur was four and a 
half pounds less than one sixth of the whole ; and the 
charcoal was two pounds less than one seventh of the 
nitre. How many pounds of gunpowder were there ? 

Ans. 69 pounds. 

Prob. 26. Two workmen received the same sum for 
their labor ; but if one had received $24 more, and 
the other $16 less, then one would have received just 
three times as much as the other* What did each re- 
ceive ? 

Ans. $36. 

Prob. 27. Find two numbers of which the less is 
to the greater as 2 to 3, and whose product is twelve 
times the sum of the numbers. 

Ans. 20 and 30. 

Prob. 28. There are two numbers whose difference 
is 12 ; and if eight times the less be subtracted from 
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five times the greater, the remainder will be 6. What 

are the numbers ? 

Ans. 18 and 30. 

Prob. 29. What number is that, one third, one 

fourth, and two fifths of which being added together 

will make 59 ? 

Ans. 60. 

Prob, 30. A grocer has two kinds of tea, one of 
which is worth 57 cents per pound, the other 8i-cents. 
How many pounds of each must he take to form a 
.chest of 104 pounds. Which will be worth $67.20 ? 

Ans. 71 pounds of the former and 33 of the latter. 

Prob. 31. There is a number consisting of two dig- 
its, whose sum is 7 ; and if 9 be added to the number 
itself, the digits will be inverted ? What is the number ? 

Ans. 34. 
- Prob. 32. Out of a hogshead of water which had 
leaked away one third part, 21 gallons were drawn, 
and then being gauged, it was found to be half full. 
How many gallons did it hold ? 

Ans. 126. 
Prob. 33. A pile stands one third in the ground, 
one half in the water, and three feet above the water. 
What is its entire length ? 

Ans. 18 feet. 
Prob. 34. A and B start at the same time and place 
to go round an island 600 miles in circumference. A 
goes 30 miles a day, and B 20. How long before they 
will both be at the starting point together, and how 
far will each have traveled ? 

Ans. In 60 days ; and A will have gone three times 
round the island, and B twice. 



I 
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Prob. 35. A farmer sold 5 bushels of wheat and 6 
ol corn for 54 shillings. He afterward sold 4 bushela 
of wheat and 3 of cofn for 36 shillings. What wm 
the price of each per bushel ? 

Ans. Wheat 6 shillings and com 4 shillings. 

Prob. 36. Two persons, A and B, agree together to 
purchase a house worth $1800. Says A to B, give 
me two thirds of your money, and I can purchase it 
alone ; but says B to A, if you give me three fourths 
of your money, I shall be able to purchase' it alone. 
How much had each ? 

Ans. A had $1200 and B $900. 

Prob. 37. A father directs that $1125 be divided 
among his three sons, in proportion to their ages. The 
eldest is twice as old as the youngest, and the age of 
the second is one half greater than that of the young- 
est. How much should each receive ? 

Ans. The youngest $250, the second $375, and the 
eldest $500. 

Prob. 38. Three regiments are to furnish 603 men, 
and each to furnish in proportion to its strength. Now 
the strength of the first is to that of the second as 3 
to 5, and the second is to the third as 4 to 7. How 
many must each furnish ? 

Ans. The first 108, the sepond 180, and the third 
315 men. 

Prob. 39. Divide the number 60 into two such parts 
that their product may be to the sum of their squares 
in the ratio of 2 to 5. 

Ans. 20 and 40. 

Prob. 40. Find a number such that if you subtract 
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it from 10, and multiply the remainder oy the nmn- 
ber itselfi the product shall be 21. 

Ans. 7 or 3. 
Prob, 41. A merchant buys several pieces of cloth 
at the same price for" $60. If he had bought three 
pieces more for the same sum, each piece would have 
cost him one. dollar less. How many pieces did he 
buy? 

Ans, 12. 
Prob. 42. What number is that whose half, multi- 
plied by its third part, produces 1176 ? 

Ans. 84. 
Prob, 43. The difference of two numbers is 6, and 
if 47 be added to twice the square of the less, it will 
be equal to the square of the greater. What are the 
numbers ? 

Ans. 17 and 11, or 7 and 1. 
Prob, 44. What number is that whose seventh and 
eighth parts multiplied together, and the product di- 
vided by 3, gives the quotient 672 ? 

Ans. 336. 
Prob, 45. Find two numbers such that their prod- 
uct shall be 675 ; and the quotient qf the greater, di- 
vided by the less, shall be 3. 

Ans. 45 and 15. 
Prob, 46. There are two numbers, one of which ex- 
ceeds the other by 8, and whose product is 240. 
What are the numbers ? 

Arhz, 12 and 20. 
Prob'. 47. Find two numbers in the ratio of 3 to 5, 
and whose product is i]75. 

Aris. 15 and 25. 
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Prob. 48. It is required to find two numbers whose 
product shall be 48, and the difference of their squares 
28. 

Ans. 6 and 8. 

Prob, 49. What two numbers are those whose sum 
is 41, and the sum of whose squares is 901 ? 

An8\ 26 and 15. 

Prob. 50. What two numbers are those whose sum 
is equal to a, and the sum of whose squares is equal 
U>b? 



. a+ y/Zb-a^ . a- V26— a" 
Ans. ^ 1 and ^ . 

Prob. 51. What two numbers are as m to n^ and 

the sum of whose squares is equal ixi b? 

mVb nVb 
Ans. , 

Prob. 52. What two numbers are to each other as 

m to w, and the difference of whose squares is equal 

tob.^ 

m V& n y/b 

Ans. ^ ^ , ^ 

Prob. 53. There are three pieces of cloth, whose 
lengths are in the ratio of 3, 4, and 5 ; and 12 yards 
being cut off from each, the whole quantity is dimin- 
ished in the ratio of 7 to 4. What was the length of 
each piece at first ? , 

Ans. 21, 28, and 35 yards. 

Prob. 54. There are two boys, the difference of 
whose ages is to their sum as 1 to 3 ; and their sum 
is to their product as 3 to 8. What are their ages ? 

Ans. 4 and 8. 
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Prob. 55. A detachment of soldiers from a regiment 
being ordered to march on a particular service, each 
company furnished twice as many men as there were 
companies in the regiment ; but these being found in- 
suf&cient, each company furnished five more men, 
when their number was found to be increased in the 
ratio of 5 to 4. How many companies were there in 
the regiment ? Ans. 10. 

Prob. 56. A certain sum of money, being put out at 
interest for 4 months, amounts to $1275. The same 
sum, put out at the same rate for 20 months, amounts 
to $1375. Required the sum and the rate per cent. 

Ans. $1250, at 6 per cent. 

Prob. 57. Divide the number 56 into two such parts 
that the quotient of the greater divided by the less 
may be to the quotient of the less divided by the greater 
as f to |. Ans. 35 and 21. 

Prob, 58. There is a number consisting of two digits, 
the second of which is greater than the first ; and if 
the number be divided by the sum of its digits, the 
quotient will be 4 ; but if the digits be inverted, and 
that number be divided by a number greater by 4 than 
the difference of the digits, the quotient will be 9. 
Required the number. Ans. 36. 

Prob. 59. There is a fraction whose numerator be- 
ing doubled, and the denominator diminished by 2, the 
value becomes f ; but if the denominator be tripled, 
and the numerator increased by 3, its value becomes 

1 6 

;r. Required the fraction. Ans. g. 

• Prob. 60. A father divided his estate among his five 
Qhildren, giving the first four $26,000 ; the last four, 



262 ELEMENTS OF ALGEBRA. 

$30,000 ; the last three with the first, $29,000 ; the 
first three with the lost, $27,000 ; and the first two 
with the last two, $28,000. What was the s1» - of 
each? 

Ans. The first, $5000 ; the second, $6000 ; the third, 
$7000 ; the fourth, $8000 ; and the fifth, $9000. 

Prob. 61. There is an island 15 miles in circum- 
ference, and four men start together to travel the same 
way about it. A goes 4 miles per hour, B 5 miles, C 
6 miles, and D 7 miles. How far will each travel be- 
fore they all meet again at the spot from which they 
started ? 

Ans, A goes 60 miles ; B 75 miles ; C 90 miles j 
and D 105 miles. 

Prob. 62. A certain number, consisting of twc 
places of figures, is equal to the difference of the 
squares of its digits ; and if 36 be added to it, the digits 
will be inverted. What is the number ? 

Ans. 48. 

Prob. 63. A general ranging his army in the form 
of a solid square, finds he has 119 men to spare ; but 
increasing each side by one man, he wants 100 men to 
fill up the square. How many soldiers had he ? 

Ans. 12,000.- 

Prob. 64. A square court-yard has a rectangular 
gravel- walk round it. The side of the court is 2 yards 
more than 6 times the breadth of the gravel-walk, and 
the number of square yards in the walk exceed the 
number of yards in the periphery of the court by 196. 
Required the breadth of the gravel-walk. 

Ans. 3 yards. 

Prob. 65. A and B set out from two towns, which 



MISCELLANEOUS PROBLEMS 2(5*3 

'were distant 204 miles, and traveled the direct road 
till they mek A went 8 miles per hour, and the num- 
ber of hours at the end of which they met was greater 
by 3 than the number of miles which B went in an 
hour. How many miles did each go ? 

Ans, A 96 miles, and B 108 miles. 

Prob. 66. A farmer bought a certain number of 
sheep for $60 ; and if he had bought 10 more for the 
same money, they would have cost him one dollar a 
piece less. What was the number of sheep ? 

Ans. 20. 

Prob. 67. A merchant sold a quantity of lace for 
$56, and gained as much per cent, as the lace cost 
him. What was the cost of the lace ? 

Ans. $40. 

Prob. 68. A merchant sold a quantity of goods for 
a dollars, and gained as much per cent, as the goods 
cost him. What was the cost of the goods ? 

Ans. \/2500+100a-50. 

Prob. 69. Two merchants, A and B, enter into part- 
nership with a joint stock of $12,000. A's capital 
was employed 6 months, and B's 8 months. When 
the stock and gain were divided, A received $7150. 
and B $6120. What was each man's stock ? 

Ans. A's was $6600, anct B's $5400. 

Prob. 70. A merchant bought a number of pieces ot 
cloth for $225, which he sold again at $16 by the 
piece, and gained by the bargain as much as one piece 
cost him. What was the number of pieces ? 

Ans. 15. 

Prob. 71. A merchant bought a number ot* pikers of 
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oloth for a dollars^ whioh he sold again ac m dollars by 
the piece, and gained by the bargain as«much as one 
piece cost him. What was the number of pieces ? 

adb V4am-\-a* 
^- 7^ • 

J?Toh. 72. A grocer sold 16 pounds of mace and 2U 
pounds of cassia for $24 ; but he sold 10 pounds more 
of cassia for $6 than he did of mace for $5. What 
was the price of a pound of each ? 

Ans. Mace one dollar, and cassia forty cents. 

Proh, 73. Two gentlemen, A and B, hired a pasture, 
into whioh A put two horses, and B as many as cost 
him $4. a week. Afterward B put in two additional 
horses, and found that he must pay $4.50 a week. 
At what rate was the pasture hired ? 

Ans, $6 a week. 

Proh. 74. What number is that to whioh, if 1, 4, 
and 10 be severally added, the first sum shall be to the 
second as the second to the third ? Ans. 2. 

Pfoh, 75. It is required to find three numbers such 
that the product of the first and second may be 24, 
the product of the first and third 32, and the sum of 
the squares of the second and third 100. 

An$. 4, 6, and 8. 

Proh, 76. What are the values of x in the equation 
ar»-3x+6=5J? Anz,x^\ox\. 

Proh. 11. What are the values of x in the equation 
x*-a;+3=45 ? Ans. x=l or -6. 

Prob. 78. What are the values of a; in the equation 

5a;»-.4c+3=159? ^ ^ 26 

Ans* z=6 or — •^. 

o 
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Prob. 79, What are the values of re in the equation 

1121— 4a; 
3a;- =2? 

Ans. a;=19 or — ^. 

Prob. 80. What are the values of a; in the equation 
8-a; 2a;-ll a;-2 ^ 

^ il«5. a;=6 or-J. 

Profr. 81. What are the values of a; in the equation 

■ ^ 3a;-3 ^ 3x-6^ 
5a;-— -^=2a;+— 5— ? 

^^•^ ^ il«5.a;=4or-l. 

Profr. 82. What are the values oi a; in the equation 

7— a; X *" ii CO 

il«5. a;=:5 or 2. 



Pro&. 83. What are the values of a; in the equation 
a; +12 X 

X x+12 " il«^. a;=3 or -15. 



■*"^_l_19""^' 



Prob, 84. What are the values of a: in the equation 
^ ^ ^x fta; .«.»#» 

iliw. a:=3 or — =-. 

D 

Proi. 85. What are the values of a; in the equation 
16 100-9a; 

a;" 4a? -^' 25 

iliw. 35=4 or ^. 
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Pfob. 86. What are the values of 2; in the equation 

Ans. z=lS or — ^. 

Prob. 87. What are the values of re in the equation 
10 14-2a; 22^ 

a; x^ "^ 9 ' 21 

Ans. x=:S or ry. 

Prob. 88. What are the values of a; in the equation 
^-"^ ^ il«5.a;=12or6. 



Pro6. 89. What are the values of x in the equation 
2x+4: 30-2a; 7x^U, 



5 x-6 "" 10 



Ans. re =12 or 36. 



Prob. 90. What are the values of a; in the equation 
90 27 90 ^ 

a; ""a;+2~~a;+l ' 5 

Ans. x=A or -tk. 

Prob. 91. What are the values of a; in the equation 
^^+7x 5x-^^^ 

19 ^ 3+rc 9 • . gy 

ilw5. a; =3 or — Ya. 

Profr. 92. What are the values of a; in the equation 

9— 2a; 2a;— 1 23 

il«5. a;=4 or -h-- 
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Proh 93. What are the values of a; in the equation 
12 8 32 ^ 



6— a; 4— X a;+2* 



« 58 
il«5. x=2 or Y^. 



Profr. 94. What are the values of a; in the equation 
4 3a;+6 3a;+5^ 



2a;+3 ' 5x+18 6a; 

45 
An$, a;=6 or — ^. 

Pfoh. 95. What are the values of re in the equation 
3 6 11^ 



6a;— x^ ar*+2a; 5x' 

» • ^ *Q 26 

il«5» x=3 or =^. 

Prod. 96. What are the values of a; in the equation 
a;3- 10x^+1 ^ 
a;2«6a;+9 -^"-^• 

il«5. a;=l or —28. 

Proh. 97. What are the values of a? in the equation 



5+a;^6-4a;"'lla;-8* 

40 
il«5. a;=l or — t=. 

47 

Profr. 98. What are the values of a; in the equation 

1 ^-L-,!, 



a;*— 3a; a^+4a; 8a;' 

29 
Ans, a;=4 or — q-. 
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Prob. 99. "Wliat are the values of x in the equation 

A A 14 

An$. rc=4 or — 5-. 

J?Toh. 100. What are the values of a; in the equation 
8 8a;-17 4a;+3 , 



ilw«. a;=3 or — 



9+6x^ 2+4c^2x+12 * 

28S 

isr 



THE END. 



/ 
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